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Abstract

Debugging an ontology stated in description logic is a cognitively straining task for
humans and there has been a recent increase in literature discussing various methods
of facilitating this task. While some of these methods involve selected fragments of
cognitive theory, none systematically integrate a cognitive theory. This paper aims to
fill that gap by using the cognitive architecture ACT-R to model the ABox consis-
tency task; a task which is essential for debugging ontologies. The resulting model is
called SHARP (Simulating Human ABox Reasoning Performance) which simulates
the ABox consistency algorithm as if it were run by a human mind. We evaluate the
model by comparing its predicted inference times with empirical data gathered from
an experiment with 70 participants. The complexity measures based on SHARP prove
very accurate in predicting the complexity ordering of the set of ABoxes used in the
experiment and outperform other measures found in the literature. These measures
can thus be considered cognitively adequate, which opens up opportunities for them
being utilised in cognitively optimised debugging of ontologies. Besides the com-
plexity ordering, several other hypotheses are tested, which demonstrate that SHARP
displays certain inaccurate consequences on a finer scale. These are considered points
of improvement.

Keywords Cognitive modelling - Act-r - Description logic - Ontologies

1 Introduction

Many industries make use of data management systems that are based on so-called
ontologies. These ontologies are highly structured representations of domain knowl-
edge and allow for efficient data storage, because a myriad of specific facts can be
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derived from only a few general facts by means of description logics. Ontologies can,
however, contain mistakes and ontology debugging is a common process that often
proves to be cognitively demanding (Warren et al., 2015).

This problem is usually illustrated in the context of the medical ontology Snomed
CT, which is widely used as a standardised terminology for medical concepts! (Baader
& Suntisrivaraporn, 2008). The standard example involves the incorrect reasoning that
an amputation of the finger entails the amputation of the upper limb. The culprit is an
incorrectly stated axiom and humans generally find it difficult to assess its incorrect-
ness.

Examples like the above illustrate that Al systems are not always understandable
for humans, even if they are based on logic as opposed to probabilistic reasoning. In
recent years there has been a strong push towards explainable Al systems (Whittaker
et al., 2018). Generating comprehensible explanations of automated description logic
entailments is part of this trend. The specific benefit in this case is an easier debugging
process for ontologies that would result in more reliability of such systems.

One technique to reach better explainability is axiom pinpointing (Pefialoza, 2019),
where the aim is to find justifications, i.e. the smallest set of axioms from the ontology
(not necessarily unique) that gives rise to the undesired consequence. There have been
attempts to optimise axiom pinpointing by, for example, supplementing the justifica-
tion with a (partial) proof structure and investigating different methods of visualising
these proofs (Alrabbaa et al., 2020). More recently, attention has been given to the
cognitive aspects of these techniques to further improve the quality of the explana-
tions of entailments. Among other things, it is highly desirable to have a cognitively
adequate complexity measure to make selections among such explanations. Using the
complexity measure, the easiest justification can be selected from a given set of jus-
tifications. The complexity measure could also be applied to proofs, for example to
select the easiest to understand proof in the interactive description logic proof visual-
isation software EVONNE (Alrabbaa et al., 2022). This paper aims to construct such
a measure.

Some concepts from the psychology of human deductive reasoning have previously
been applied to construct such measures, but cognitive architectures, despite being
state-of-the-art psychological theories that are successful in modelling many experi-
ments, have not been applied in this context. Cognitive architectures are integrated
theories of human cognition founded on a wide variety of cognitive experimen-
tal results. Such architectures provide frameworks for building specific models and
ACT-R (Adaptive Control of Thought - Rational) is arguably the most well-known
(Anderson, 2007). One area in which cognitive architectures perform well is the mod-
elling of solving algebraic equations. Researchers in Qin et al. (2004) used the cognitive
architecture ACT-R to accurately model solving three types of equations as well as
the change in the study’s participants’ performance over time. Solving algebraic equa-
tions is similar to reasoning with a description logic, because both are examples of
symbolic reasoning. This similarity is a major motivation for using ACT-R to model
the cognitive task of reasoning with a description logic.

I Andsince recently being adopted as a standard in Vistra Gotalandsregionen in Sweden Eriksson (Clinical
terminology SNOMED CT, 2021).
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This paper aims to fill the gap in the literature on ontology debugging: understanding
the cognitive aspects of description logic entailments in order to generate comprehen-
sible explanations that facilitate ontology debugging processes. The project focusses
on ABoxes (sets of assertional axioms only) in the description logic ALE (Attributive
Language with Existential restrictions). The resulting model, SHARP (Simulating
Human ABox Reasoning Performance), is an implementation of the abstract ALE
ABox consistent() algorithm into ACT-R, thereby simulating this algorithm as if it
were run by a human mind (Fokkens, 2023).

Among other things, SHARP outputs the simulated inference time. We consider
inference time an important aspect of the cognitive complexity of ABoxes, i.e. the
difficulty a human might experience while understanding or interacting with ABoxes.
Hence, using this simulated inference time, we attempt to accomplish the aim of this
paper:

define a measure that reflects the cognitive complexity of the ALE ABox consis-

tency task

This is expected to be an improvement over several such other measures in the liter-

ature, as most of these measures are based on ad hoc assumptions without a firm base
in cognitive science. Finding a measure that accurately reflects human performance
should make the debugging of ontologies easier, as the human user can then be pre-
sented with the cognitively simplest-to-understand justification when a contradiction
is found.

The effectiveness of SHARP for modelling cognitive complexity is verified in this
paper by testing eight hypotheses that follow from SHARP. This paper also discusses
how well the inference time correlates with the difficulty that the subjects report.

The first part of this paper provides the background of this research and discusses
in turn the description logic ALE, the cognitive architecture ACT-R, and the model
SHARP together with the hypotheses that follow from it. Then a brief description
of the empirical data collection is given. The rest of the paper is structured after the
hypotheses mentioned, with each hypothesis (or group of hypotheses) being analysed
and discussed in turn. Then follows a final conclusion with recommendations for
further research.

2 Background

This paper uses the cognitive architecture ACT-R to model reasoning in a description
logic with the aim to define a complexity measure on ABoxes that is cognitively
adequate. Being able to accurately determine the cognitive complexity of ABoxes
allows the selection of the ABox which is easiest for humans to process, which forms
an vital step in the debugging process. We concentrate on the description logic ALE.

2.1 The description logic ALE
Description logics form a family of logics that are designed to reason about concepts
(Baaderetal.,2017). They can be used in knowledge bases to reason about the concepts

that specific individual items satisfy. There are many different logics within this family

@ Springer



J.T. Fokkens, F. Engstrom

with every description logic striking a different balance between expressiveness on the
one hand and computationally efficiency of reasoning algorithms on the other. ALE
stands for (Attributive Language with Existential restriction); its concepts are formed
by:
Cu:=A|—-A|CnNnC|3r.C|Vr.C,
where A is a primitive concept symbol and r is a primitive role symbol. Note that
negation (—) only applies to primitive concepts.
In ALE we can form the knowledge base Baader et al. (2017):

Teacher = Persondteaches.Course
Student = Personfldattends.Course
Martin:Person
LOGO011l:Course

(Martin, LOG011): teaches

which can be straightforwardly interpreted and from which it follows that Martin is a
teacher. The latter can be seen by observing the definition of teacher (first line) and
the facts that Martin is a person, LOGO11 is a course and Martin teaches it (last three
lines). The benefits of description logics is that many of these inferences (and in the
case of ALE all such inferences) can be automated.

More formally, the semantics of ALE is as follows. The role symbols are interpreted
by an interpretation Z with associated domain A as relations on that domain: % C
AT x AT The concepts are interpreted by a given interpretation Z as subsets of a
given domain AL s0 Ais interpreted as AT ¢ AT The interpretation of —A is the
complement of A, so (~A)L ={a e A |a ¢ AT}, Intersections (M) are interpreted
as (C M D)X = {a € ATla € Canda € D). Existential restrictions (3r.) are
interpreted as 3r.0)% = {a € AT|3b € AL such that (a,b) € rL and b € CZ} and
resemble the indexed diamond operator from modal logic. Universal restrictions (Vr.)
are interpreted as (Vr.C)L = {a € AT|Vb € AT with (a, b)T € r7 it holds that b €
€7} and resemble the indexed box operator from modal logic. Note that in the latter
case, there does not have to be a b with (a, b)I € rZ for the individual @ to satisfy the
concept Vr.C in the interpretation Z.

With the concepts defined, the assertional statements, of the form:

e a: A are satisfied by interpretation Z if and only if at e AT, and
e (a,b):r are satisfied by interpretation 7 if and only if (at, bty e rL.
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Fig.1 The syntax expansion M-rule: if a:C 11D € A and
rules for ALE ABox {a:C, a:D} ¢ A,
consistency. After: (Baader et then A — AU{a:C, a: D}

Frule: if a: 3Ir.C' € A and
al., 2017, p.73). Each rule there is no b such that {(a,b):7, b:C} C A,

(:‘erives simpler consequences then A — AU {(a,d):r, d:C}, where d is new in A.
from a more complex formula V-rule: if {a:Vr.C, (a,b):r} C A and
b:C ¢ A

then A — AU {b:C}.

Algorithm consistent()
Input: an ALE ABox A.
repeat
if A contains a clash then
return “inconsistent”
end if
select a rule R that is applicable to A, and a (pair of) formula(s) a € A
to which R is applicable
set A — exp(A, R, a)
until A is complete
if A contains a clash then
return “inconsistent”
else
return A
end if

Fig. 2 The tableau algorithm consistent for ALE ABox consistency. After: (Baader et al., 2017, p.75).
exp(A, R, @) is the ABox obtained from applying rule R to o

2.1.1 ABox consistency

A set of assertional statements is called an ABox; the last three lines of the example in
the previous section form such an ABox. In ALE ABoxes can be either consistent or
inconsistent. The former means that there exist an interpretation 7 that satisfies all the
formulas of the ABox; in the latter there exists no such interpretation. There exists a
decision procedure on the consistency of ABoxes, shown in Figure 2. The algorithm
makes use of the syntax expansion rules, shown in Figure 1. The syntax expansion rules
preserve truth and are applied exhaustively to the ABox to derive an expanded ABox.
In this expanded ABox, the algorithm searches for an obvious contradiction called a
clash. A clash is the situation when an individual a is assigned to two contradictory
concepts C and —C, i.e. the ABox has a subset of the form {a : C, a : =C} for some
individual name @ and concept name C. In the presence of a clash the original ABox
is inconsistent, while in absence of one it is consistent.
For example, the ABox:

{(Martin:Teacher M Person}
can be expanded by applying the M-rule to yield the ABox:
{Martin:Teacher M Person, Martin:Teacher, Martin:Person}
The decision problem of consistency of an ALE ABox — extensively studied from

a formal perspective — is the task we aim to study from a cognitive perspective. To
this end, we translated the above algorithm into chunks and production rules so that
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it can be run in the cognitive architecture ACT-R, thereby simulating a human mind
performing the algorithm; details of this translation will follow in section 2.5.

2.2 Capturing cognitive complexity

Cognitive complexity is —like creativity (Simonton, 2012), intelligence (Neisser, 1979)
and other psychological constructs — difficult to define both conceptually and oper-
ationally. The concept of cognitive complexity is multifaceted, consisting of factors
such as: energy consumption, error rates, time and possibly more. The operational
definition of the concept seems, moreover, dependent on the theoretical lens through
which one is to explain the subject’s internal processes during the task. Regarding
deductive reasoning, several such theories exist, the most well-known ones being the
mental rules theory and the mental models theory.

2.2.1 Mental Rules

The mental rules theory is expounded in Lance Rips’ book The Psychology of Proof
(Rips, 1994). The basic idea is that humans have certain deduction rules stored in
their memory, the application of which to given premises yields certain conclusions.
Each deduction rule has a certain probability of firing and the probability of correctly
judging the validity of an argument is calculated by combining the probabilities of
its deduction rules while taking guessing into account as well as situations where the
conclusion can be deduced in multiple ways. This theory was extensively tested by
experiments in which subjects were presented propositional logic arguments in natural
language for which they were asked to judge the validity.

By measuring error rates on judging a set of given arguments, the error rates of the
deduction rules could be found by a model fitting procedure. After that, the error rates
of the arguments were computed to be very close to the measured error rates. So the
way in which Rips operationalises cognitive complexity of arguments relies, informed
by his mental rules theory, on the measurable error rate of human performance.

2.2.2 Mental Models

Another theory is the mental models theory, defended by Philip Johnson-Laird in
(Johnson-Laird, 2001). This theory states that the reasoner creates mental represen-
tations of the premises of a given argument using both the semantic content of the
premises and background knowledge. This can result in a unique mental model, or a
set of mental models representing different possibilities. The theory explains semantic
effects in reasoning by the subjects using their background knowledge for constructing
models. Certain reasoning mistakes are explained by the failure of creating all models
necessary for a successful deduction.

The mental models theory informs the operational definition of cognitive complex-
ity of deductions not only by considering the error rate of judging arguments, but
also by the time that these processes take: creating more models, besides being more
error-prone, requires more time.
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2.2.3 Inference time and attitudes

The above theories are examples of cognitive complexity of deduction being oper-
ationalised by the error rate that humans show on various tasks related to deductive
reasoning, as well as the time that deductive inferences take. Without having fully con-
ceptually defined the cognitive complexity of deductive reasoning, we will focus on
both the time that deductive inferences take and the attitude that humans have towards
these inferences. The latter aspect is included because we think that humans have a
certain degree of introspective insight into their performance on these tasks. We expect
both included operational aspects to converge to the same construct. In this paper the
error rate is not used to operationalise cognitive complexity, because high error rates
cast doubt on whether humans are actually performing the required task, i.e. whether
they correctly reason towards an interpretation of the logical symbols (Stenning &
Lambalgen, 2012).

2.3 Existing complexity measures

Another question related to the cognitive complexity of deciding ALE ABox consis-
tency — however conceptually or operationally defined — is whether it is possible to
estimate the cognitive complexity of such a task from the ABox’s formal properties
and if so, how this is done.

In Warren et al. (2015) both the mental models theory and the relational complexity
theory are used to define measures on description logic formulas. It seems that the
relational complexity theory is not much different from the mental models theory
as the proponents of the relational complexity theory write in Halford et al. (2010):
“Mental models embody the core properties of relational knowledge”. Moreover, in
practice, the two theories quantify the complexity of reasoning quite similarly.

It should be noted that complexity measures are sometimes dependent on the logic
and/or proof system used and do not always directly translate to ALE; in many cases,
however, a simple adaptation can be found and is assumed in the following. For
example, Strannegard et al. (2013) (Section 6, bullet point 1) and Alrabbaa et al.
(2020) (Introduction, bullet points 2, 3 and 7) mention formal measures related to the
size of the theory/ABox, (<) as correlating to the cognitive complexity. The latter
reference (bullet point 8) and Alrabbaa et al. (2021) (Introduction) also mention the
proof depth (< pq) as such a formal measure. The proof length (< ;) is mentioned by
all three sources (bullet point 8, bullet point 4, Introduction, respectively).

Furthermore, Strannegéard et al. (2013) mentions:

Number of (universal or existential) restrictions (<guan)

Cardinality, i.e. the number of elements in the canonical model (<cqrq)
Number of edges in the canonical model (<cgge)

Proof size (total size of all expressions in a minimal proof) (< p;)

The novel approach of this paper is the use of a cognitive architecture to model the
ALE ABox consistency reasoning task. ACT-R allows us to model the inference time
of this reasoning task, which we think is an important operational aspect of its cog-
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nitive complexity. The simulation results of this model translate into two complexity
measures that are firmly founded in cognitive theory by design.

2.4 ACT-R

This section contains a short and simplified overview of the ACT-R cognitive archi-
tecture, with its most important aspects highlighted to understand the rest of the paper;
more detailed information can be found in (Anderson, 2007), (Whitehill, 2013) and
(Anderson & Byrne, 2004).

The basic idea of ACT-R is that the brain has different regions which are each highly
specialised in certain tasks and can perform these tasks in massively parallel fashion.
ACT-R represents these regions by modules, each of which has a buffer connecting
the module to the procedural memory. The buffers act as communication bottlenecks
and can contain only a limited amount of information.

2.4.1 Knowledge representation

Knowledge in ACT-R is encoded in chunks and productions. A chunk is a collection
of attribute-value pairs that represents a unit of factual knowledge that a person can
process. The attributes are called slots, each of which can contain at most one string
(that has no additional structure otherwise). An example of a chunk is:
Formula 1
formula (a,b):r
elementl a
element2 b
role r
Formula 1 is the name of the chunk and helps it to distinguish it from other
chunks, but it has no significance in the modelling. The production rules encode
procedural knowledge, which corresponds to skills that people themselves generally
cannot easily express in words. They are condition-action rules and are stored in the
procedural module. An example is:
Rule 1
IF
goal inference
and bufferl (a,b):r
and buffer2 a:Vr.C
THEN
create chunk for b:C
Rule 1isthe productionrule’s name and helps to distinguish it from other produc-
tion rules, but it has no significance in the modelling. The production rules operate on
the chunks to produce other chunks and actions in the modules, resulting in behaviour
intended to model the cognitive behaviour of a human performing the same task. The
modules relevant for SHARP will be discussed in turn below.
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2.4.2 The Goal and Imaginal modules

The goal and imaginal modules are used to monitor the state of the process, store
context-relevant information and plan the next step to be executed. The goal module
has one associated buffer (goal buffer) and the imaginal module has two associated
buffers (the imaginal and the imaginal-action buffer).

2.4.3 The Declarative module

The declarative module (alternatively called the declarative memory) contains all the
factual information of the system, encoded in chunks. It has one buffer, named the
retrieval buffer which can store one chunk. The module responds to a retrieval request
by searching through all its stored chunks stored for a match and places the matching
chunk in the buffer; in case multiple chunks match a random selection among them is
made.

2.4.4 The Procedural module

The procedural module does not have a buffer. It contains all the model’s production
rules and is continuously monitoring all the buffers’ contents for matching the condi-
tions of any production rule. In case of a match, one rule is fired, which means that
the action of that rule is performed.

2.4.5 Activation

Each chunk i has a certain activation A;, areal numbered value that is modelled by: the
number of presentations, the time passed since each presentation, the decay parameter
d, which is usually set to 0.5 and a random noise component. The simplest expression
of the activation is:

The (instantaneous) noise ¢€; is a random number drawn from a logistic distribution
with mean 0 and standard deviation o2 = ”Tzsz, where s is the noise value which can
be set by the modeller. The number of uses (creation and re-creation) of the chunk is
denoted n and ¢; is the time at which use j occurs. This expression describes Base-level
learning and it models the retrieval of chunks from the declarative memory in a way
that corresponds to empirical results (Anderson & Byrne, 2004). ACT-R allows for
spreading activation as well as other activation-related mechanisms; these are ignored
in the following.

In case a chunk’s activation drops below the retrieval threshold 7, the chunk cannot
be retrieved. The probability that the activation of chunk i is above T (and hence can

@ Springer



J.T. Fokkens, F. Engstrom

be retrieved) is described by:

1
1 +exp (r;Ai)

The larger the noise value s, the more gradual is the transition from 0% to 100%
recall, while smaller values of s make this transition more abrupt. If the decay param-
eter d has a large value all chunks’ activations drop very rapidly.

The retrieval latency is also modelled by the chunks’ activation and is given by the
formula:

P=

T, = Fe 4,

Where i is the chunk’s name and F' is the latency factor, which is set by the modeller;
its default value is 1. Higher activations allow chunks to be retrieved more quickly. The
time duration of a retrieval failure is given by the same expression with the retrieval
threshold 7 substituted for the activation A;.

2.4.6 Compilation

There are two mechanisms related to learning at the symbolic level of the production
rules. Firstly, there is proceduralisation. After the firing of an instantiation of a pro-
duction rule that has a variable, this instantiation is stored in the procedural memory.
The next time the same instantiation can fire, it competes with the original production
rule and the one with the highest utility is selected.

Secondly, there is production rule composition where two rules that fire after one
another combine into one rule. This new rule has the conditions of the first and the
actions of the second. Possible actions of the first rule that are not negated by the
second rule will also be put in right hand side of the newly created rule.

The two mechanisms can create production rules that skip certain steps compared
to the original reasoning process, thereby reducing the time needed to execute that
process.

2.4.7 Sub-symbolic parameters

ACT-R has many sub-symbolic parameters, the default values of which are based
on previous experiments (Anderson & Lebiere, 1998) and later supported by fMRI
(functional Magnetic Resonance Imaging) data (Qin et al., 2004), (Borst and Anderson
2013) and (Borst and Anderson 2015). However, these parameters can, and often will
be, tweaked to make the model more accurate in its simulations. Only few sub-symbolic
parameters are relevant for SHARP:

noise parameter s
retrieval threshold t
decay parameter d
latency factor F.
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2.4.8 Application: algebraic equations

ACT-R was used to model human performance on solving simple algebraic equations
in (Qinetal.,2004) and (Anderson, 2005). In these studies, children were asked to solve
linear algebraic equations mentally. The equations came in three different categories
of difficulty, depending on the number of arithmetic operations that were needed
to be performed to solve the equation. By encoding the equations as chunks and the
arithmetic operations as production rules, researchers were able to relate the children’s
performance to brain scan data, model their performance on this task, as well as their
learning over time. The production rules modelled basic processes such as observing
the equation and retrieving the sum of two numbers from the declarative memory.
The model’s efficiency increased over time due to ACT-R’s rule compilation: several
production rules combined into one production rule that skips some time-consuming
steps of the process. Using these newly created production rules, the model accurately
simulated human’s performance on learning the task, showing a 0.986 correlation
coefficient between the empirical data and formulas that were derived from the model
which had parameters fitted parameters to that data. To corroborate the findings, the
activity of each ACT-R modules was used to predict brain activity as measured by an
fMRI scan in terms of the BOLD (Blood Oxygen Level Dependent) response in the
corresponding brain regions.

In analogy to these studies, the model SHARP is based on encoding ALE ABox
formulas as chunks and the syntax expansion rules in Figure 1 as production rules,
thereby translating the algorithm in Figure 2 into ACT-R with the aim of accurate
modelling of human performance of the ALE ABox consistency task.

2.5 SHARP

Algebraic equations allow practically only one method of solving: firstly a possible
addition or subtraction and secondly a division or multiplication. In the case of deciding
whether an ABox is consistent — as in other cognitive tasks of sufficient complexity
— the situation is quite different in that multiple strategies and heuristics can be used,
which is partly confirmed by private communication with subjects in the current study.
In such cases it is unclear which steps the reasoner is making and it is therefore
impossible to model these intermediate steps with the same detail as modelling the
intermediate steps of solving the algebraic equations. Moreover, these strategies seem
difficult to model with ACT-R’s learning mechanisms discussed above.> Rather, these
strategies appear to emerge from careful reflection on the task. We argue, however,
that the desired measure on ABoxes can be approximated by modelling a subject
mentally performing the tableau algorithm in Figure 2, because the average over a
sufficiently large set of strategies is expected to remove the bias that one strategy has
over another with respect to the relative complexity of two given ABoxes. Also, the
tableaux algorithm is relatively simple, does not involve clever tricks that seem to

2 One example of a strategy is performing a quick scan for negations; if none are present, the ABox has to
be consistent.
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short-cut the reasoning process and should therefore not be biased towards a specific
class of ABoxes.

In translating the tableau algorithm into ACT-R, ALE formulas are translated to
chunks and the syntax expansion rules from Figure 1 are translated to ACT-R’s pro-
duction rules, similar to the examples in section 2.4.1. The latter examples are highly
simplified, because the formal machinery to guarantee termination of the algorithm
requires keeping track of many extra variables such as: if a formula is derived, if a
formula has already been used to make an inference on, etc. This requires the for-
mula chunks and the production rules to contain many more slots. The source code is
constructed with the pyactr package (Dotlacil, 2024) and can be found in (Fokkens &
Engstrom, 2024).

2.5.1 SHARP's simulations

To facilitate the description of SHARP’s simulations, the code is split up into five
components that each execute a subtask of the consistent() algorithm; this way of
organising the code has no other meaning. An visual overview of the code can be seen
in Figure 3.

A simulation by SHARP starts by directly loading the formulas of the ABox into the
declarative memory; visual processes are not modelled. The first component inspects
only those chunks in its declarative memory that represent assertional ALE formulas
with atomic concepts (primitive and negated); among them it searches for a clash.

If no clash is found and not all formulas are inspected yet, the second component is
invoked, which searches for a complex formula to make an inference on; it corresponds
to the ‘select’ step in the algorithm in Figure 2. After selecting a conjunction, existential
restriction or a universal restriction, the third, fourth or fifth component is invoked
respectively.

The third component creates two chunks representing the formulas corresponding
to the conjuncts of the formula selected by the second component; this component
corresponds to the M-rule of the expansion rules in Figure 1.

The fourth component derives a formula with a new element and the concept from
the the existential restriction formula selected by the second component; this compo-
nent corresponds to the 3-rule of the expansion rules in Figure 1.

Lastly, the fifth component only fires after no formulas of the previous two kinds
can be selected; the reason for this implementation is explained in section 2.5.2. The
component searches for a chunk representing a universal restriction formula and a
chunk representing a role formula, with the role being the same in both formulas and
the first element in the role formula being the same as the element of the first. After
finding these two formulas it creates the chunk representing the appropriate derived
formula; this component corresponds to the V-rule of the expansion rules in Figure 1.

SHARP outputs, first of all, the simulated inference times. These inference times
show randomness due to the random selection processes related to the retrieval of
chunks based on their activations. Second, SHARP outputs the run which is the list of
formulas that are consecutively inspected during the simulation process. Formulas in
this list are not necessarily used for inference steps, because Component 5 may inspect
a universal restriction formula on which no inference can be made. Runs for ABoxes
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Fig. 3 To facilitate the code’s description SHARP’s production rules are categorised into 5 components.
The components focus on specific subtasks of the ABox consistency decision procedure but have no other
meaning. Component 1 looks for a clash among atomic concept formulas. Component 2 selects the next
formula to make an inference on. Components 3, 4 and 5 correspond to the M-rule, the 3-rule and the V-rule
respectively

with universal restrictions, therefore, generally vary in length. The chosen values for
the sub-symbolic parameters are:

e noise parameter, s = 0.005

e retrieval threshold, T = —0.05
e decay parameter, d = 0.005

e latency factor, F = 1.0.

2.5.2 Implementational Issues

The chunks in ACT-R’s declarative memory cannot be removed. This poses problems
for executing the algorithm, because there is no obvious way to prevent SHARP from
making the same inference twice. Indeed, retrieving chunks increases their activation,
which makes them easier to retrieve next time, thereby risking infinite looping. Certain
chunks keep therefore track of which formulas have been already inspected, thereby
disqualifying them from being selected.® This solves most problems, except in the case
of the fifth component, because universal restriction formulas may need to qualify for
selection after a corresponding role formula is derived. To counter this problem, the
universal restriction formulas are all derived after one another and the number of
times the fifth component is invoked is counted; this number is used to prevent the
same inference step on a universal restriction formula to be performed again. Another
consequence of this is that for consistent ABoxes —i.e. ABoxes that do not give rise to a
clash —the fifth component is always the last component to be invoked and necessitates
some undesired overhead in simulated inference time. Because of the issues discussed,
the algorithm in 2 could not be implemented completely faithfully.

3 This mechanism may have also been implemented by declarative finsts, but this would require some
reverse engineering to determine the number of the finsts as well as how long they persist. On top of that,
other bookkeeping mechanisms in SHARP cannot be simulated by finsts.
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Another problem with SHARP is related to base-level learning. The activation of
a chunk decays over time and if it drops below the retrieval threshold, it becomes
impossible to retrieve that chunk. This poses practical problems for simulations on
ABoxes that involve long runs, because by time that the chunk needs to be retrieved
its activation may have decayed below the retrieval threshold. With certain chunks not
being able to be retrieved, SHARP fails to draw conclusions on the consistency of the
ABox. An example of this is discussed in section C.

3 Data

In this paper two sorts of data are used: simulated data by SHARP and empirical
data Fokkens and Engstrom (2023) gathered through an online questionnaire. The
simulated data consists of a list of ABoxes together with their inference times and
their runs (list of formulas being inspected consecutively by SHARP).

The questionnaire was distributed by email among researchers, teachers and their
students from several Swedish, German and Dutch universities that offered (mathe-
matical, philosophical and/or computer science) logic education. It was running from
June to November 2023 until 70 usable (see next subsection on what is meant by this)
data points were collected. The questionnaire consisted of:

e Three questions about previous experience in logic.

e Questions about age, gender and nationality.

e A 4-minute introduction video with instructions on the reasoning task.

e Two practice ABoxes for which the subjects decided the consistency.

e Twenty ABoxes for which the subjects also decided the consistency; these are
listed in the A.

e Four difficulty rating questions.

The first three questions related to previous logic experience ensured that the sub-
jects had the required knowledge to complete the questionnaire; failing all questions
denied access to the rest of the questionnaire, passing at least one question is considered
sufficient for understanding the rest of the experiment.

The demographic information was gathered to monitor possible bias in the sample.
The subjects were aged between 19 and 49 years old, with an average age of 28. The
sample had 45 Male and 23 Female persons, one transgender person and one person
who preferred not to share information on their gender. Most subjects were Swedish
(20), German (12) and Indian (8), with other nationalities represented by fewer than
4 subjects. The above demographics were not considered problematic for the analysis
and ensuing conclusions.

The introduction video [28] discussed the description logic ALE and how incon-
sistency works within this logic, illustrated with examples; the syntax expansion rules
were not discussed as we did not want to force the subjects into using a single solving
strategy.

The concept element, and role names in the ABoxes are chosen to be letters and
not English words. The reason is to avoid semantics-related modulation on logical
reasoning, which is a well-known phenomenon (Stenning & Lambalgen, 2012). The
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{a:A, b:-A, a:-B}

Consistent
Idon't know

Inconsistent

‘ Made in LimeSurvey 2 ‘

Fig.4 Screenshot of the questionnaire’s interface. Shown is the (consistent) ABox {a: A, b:—A,a:—B}.

subjects were presented the ABoxes on the left side in the middle of the screen and
were asked to find an inconsistency using a 3-choice response format: ‘Consistent’,
‘I don’t know’ and ‘Inconsistent’, which were displayed directly under the ABox. An
example can be seen in Figure 4. On the top of the screen was a progress bar which
indicated how much progress the subject made in the questionnaire. The response
times were recorded. The first two practice ABoxes (one very easy and one very hard)
were part of the familiarisation phase; the format of this phase was the same as the
rest of the questionnaire and thus probably helped the subjects get familiar with the
interface and the task. The subjects were told that these first two ABoxes were not
part of the actual experiment; data on these ABoxes was not used for the analysis to
compensate for possible learning effects. The 20 ABoxes were chosen with the aim of
testing the hypotheses mentioned. The ABoxes were presented to every participant in
randomised order to compensate for a learning effect that was indeed found in the data
post hoc. In the difficulty rating questions, subjects were asked to rate the difficulty of
the previous ABox; these questions were presented after every five ABoxes of the set
of 20. Different subjects, therefore, generally rated different ABoxes.

Most participants could complete the questionnaire in half an hour. They were each
compensated by a 100 SEK or 10 EUR voucher, for which we got financial support
through the Stiftelsen Karl Langenskitlds minnesfond. To send these vouchers, we
asked consent to use the participant’s phone numbers. This data was deleted after
closing the survey.

3.1 Exclusion

In total, we had 84 completed responses on the survey. To ensure good quality of
the data, we consider a subject’s data usable iff the ratio of correct versus incorrect
responses (so excluding the ‘I don’t know’ responses) exceeds the threshold of 75%;
data not meeting this criterion is excluded from the analysis. This resulted in data
from 70 subjects. Of the included data, there were two subjects that had a rate of ‘I
don’t know’ responses higher than 25% (namely 6 and 7 out of 20 answers); this was
considered unproblematic.

The subjects’ environments were uncontrolled and random distractions from the
survey can therefore be expected to arise. Private (and unprompted) communication
with some subjects revealed this to be the case indeed. The data has some inference
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time outliers that can hardly be explained by non-distracted subjects that are thinking
slowly, especially because those subjects were not consistently thinking slowly and
had more typical inference times for the other ABoxes. Based on these considerations,
it was decided that each inference time that lies more than 3 standard deviations away
from the mean inference time for that ABox was excluded from the analysis; this
amounted to removing between 0 and 3 data points for each ABox (32 in total).

4 Analysis and Results

This section discusses the research hypotheses, the data analysis and the corresponding
empirical results. The methods of analysis differ among the hypotheses, so hypotheses
that require the same analysis are discussed together; the common denominator of the
analyses is, however, discussed first. After that, we show that the complexity measures
defined with SHARP accurately represent the relative cognitive complexity of the
ALE ABox consistency task, making it therefore suitable for application purposes.
Then follow — on a more critical note — five hypotheses concerning inference times
of certain pairs of ABoxes, which show that on a fine-grained scale certain areas that
SHARP might need to be improved upon. Then there are two hypotheses that require
specialised methods of analysis. Finally, the correlation between the inference times
and the experienced difficulty scores is inspected, supporting the claim that these two
quantities converge to the same concept.

It should be noted that this section — as mentioned before — analyses two types of
data: the empirical data from the questionnaire and the simulation data from SHARP.
Which type is under discussion is indicated.

4.1 Analysis

The analysis of the following hypotheses are using Bayesian statistical methods for
which we used the PyMC Python library [29]. These methods allow for accepting null-
hypotheses and are hence required for many of the following hypotheses. In contrast,
standard frequentist methods only allow for the rejection of null-hypotheses and can
therefore not be used for our purposes. Generally in Bayesian data analysis, before
observing the data, a statistical model is chosen, as well as prior distributions on the
model’s parameters, after which the empirical data updates the prior through Bayes’
theorem to result in a posterior distribution that can be used for drawing conclusions.
Bayes’ theorem is expressed as:

P(A|B) = P(BIA)P(A)'
P(B)

In this context, A is the event that a parameter has a certain value and B is the
event that a measurement has a certain value. The expression calculates the posterior
probability as a conditional probability of a parameter having a certain value, given
the data. The right-hand side of the equation contains three probabilities:
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e The first factor in the numerator is the likelihood; it denotes the probability of the
data, given that the parameter assumes a certain value.

e The second factor in the numerator is the prior; it denotes the estimated probability
of the parameter value, before observing the data.

e The denominator is the marginal probability of the data; it usually takes the form
of an integral f P(B|A)P(A)dA, which often cannot be analytically evaluated,
in which case the posterior probability is difficult to normalise (i.e. to make sure
the total probability equals 1).

The five hypotheses in section B below are, more specifically, analysed by
‘Bayesian null-hypothesis testing” (Kruschke, 2014, Chapters 11-12). In Bayesian
null-hypothesis testing, a ROPE (Region Of Practical Equivalence) is specified around
the null value, which the HDI (Highest Density Interval) is compared with. The ROPE
is an interval around the null value that contains the values considered equivalent to
the null value. The HDI is the region of the most likely probability density of the
posterior distribution (in the following the 94% most likely region); despite the name
it is not necessarily an interval, e.g. a bimodal posterior distributions usually does not
result in an HDI which is one interval, but two. We distinguish three cases in which a
decision regarding accepting/rejecting the null-hypothesis can be made:

e If the HDI lies completely outside the ROPE, the null-hypothesis is rejected.

e If the HDI completely lies inside the ROPE, the null-hypothesis is accepted. Note
that this conclusion cannot be drawn within the frequentist statistics framework.

e If the HDI partially overlaps with the ROPE and partially lies on the negative
(positive) side of the ROPE, the hypothesis of the underlying effect being positive
(negative) is rejected.

In other cases no conclusion shall be drawn. A Bayesian paired #-test is defined in
analogy to a frequentist paired z-test. The differences of each subject’s inference times
on two ABoxes are modelled by:

v ~ Exponential(A = 1/30)
u ~ Cauchy(a =0, 8 = 20)
o ~ HalfNormal(o = 30)

y ~ StudentT (v, u, o)

ey

The Student ¢-distribution is chosen because it can flexibly model outliers (Andrade,
2022) and matches the overall shape of the data. This distribution is a generalisation
of the Gaussian distribution because the thickness of its tails can be adjusted by the
parameter v and in the limit of v — oo the distribution coincides with the Gaussian dis-
tribution. The prior distribution on v is the exponential distribution with A = 1/30; its
mean and standard deviation are both 30. The prior distribution on the location param-
eter p is given by Cauchy distribution, centred around o« = 0 with scale parameter
B = 20; this distribution has no defined mean or standard deviation. The parameter o
is assumed positive and has a half-normal prior with standard deviation equal to 30; the

mean of this distribution is 30@ ~ 23.9. The above priors are weakly informative:
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they are chosen to make the prior predictive distribution close to the data to achieve
high informativeness of the posterior distribution while imposing few constraints on
the data.

Because the posterior distribution is often impossible to normalise, a Markov-
Chain Monte-Carlo approximation is used to create samples that approximate the
normalised posterior distribution. In the following analysis specifically, NUTS (No
U-Turn Sampling) Hoffman and Gelman (2014) is used to sample from the posterior
distribution. This algorithm forms samples by first picking a random value for the
parameter and adding it to the sample. Then, a second parameter value is picked,
selected randomly by using information about the gradient of the numerator evaluated
at the current point. The process is repeated until the sample is sufficiently large. It
is important that each parameter value that is guessed, does not depend too strongly
on the previously guessed value so that the entire distribution is sampled from. To
ensure the sample is independent of the initial parameter value, several such values
are selected at once, creating multiple samples called chains. Ideally, these chains
converge to the same distribution after some time. Their similarity is expressed in a
convergence measure called R, which equals 1.0 in case of perfect convergence.

4.2 Comparison to Other Complexity Orderings

This section compares the performance of different complexity orderings and contains
the most significant results of the paper. The Bayesian -tests were performed on the
empirical data from every ABox pair. The quality of the sampling is high, because
the chains yielded very similar posterior distributions, showed no divergences and the
R-values where lower than 1.05. Furthermore, the sampling values showed very low
auto-correlation: typically disappearing in the range of [—0.05, 0.05] after 4 draws,
with only 26 exceptions of the autocorrelation disappearing in this range after more
than 20 draws. This resulted in all effective sample sizes being larger than 2000. The
p-values on the median of the posterior predictive distribution, which express the
probability that a single draw from the posterior distribution is higher than the data
median lie in the interval (0.46, 0.54), which indicates that the posterior distribution
resembles the data well. Moreover, the posterior distributions showed a visually close
fit to kernel density estimations of the data; a typical example is shown in Figure 5.

The above indicates that the parameters were reliably estimated and that statistical
inferences from the posterior predictive distribution can be reliably made.

To quantify the strength of the relationship between two variables the effect size is
used (Sullivan & Feinn, 2012). It is expressed by Cohen’s d:

where X is the mean, and s is the standard deviation of the sample.

Figure 6 shows the distribution of the approximated effect sizes relating to the
Element Name Independence hypothesis which were estimated by taking samples
(n = 70) from the posterior predictive distribution and calculating the effect size
for each sample. As a ROPE we chose the interval (—0.2, 0.2), which is standard in
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=15 =5.0 -2.5 0.0 2.5 5.0 75 10.0
time difference (s)
Fig. 5 Typical example of the posterior predictive distribution of time differences (olive) compared to a
kernel density estimation of the empirical data (red). The light olive curves show the variation of the posterior
predictive distribution. The p-value on the median is close to 0.5, thereby quantitatively corroborating the
close similarity

-0.6 —0.4 -02 0.0 02 04 06 08

Fig. 6 Typical example of the sampling distribution of effect size as defined by Cohen’s d = ’X—‘ with X
the sample mean, s the sample standard deviation and n = 70 the sample size. The horizontal light blue
line shows the ROPE, defined around the null value from —0.2 to 0.2. The 94% HDI (horizontal olive line
segment) extends from 0.16 to 0.49

literature (Cohen, 1992, p.157) and Sawilowsky (2009) in the sense that effect sizes
within this interval are generally considered too small to be interesting.

The Bayesian ¢-tests on the effect size on each of the 2020=D — 190 pairs of
ABoxes establishes relations among the ABoxes. For a given pair of different ABoxes
(a, b), we allow four different sorts of relations:

1. a and b are indistinguishable, because the HDI lies completely inside the ROPE,

2. a and b are strictly ordered, because the HDI lies completely outside the ROPE,

3. a and b are non-strictly ordered, because the HDI partly overlaps with the ROPE
and extends beyond it on one side only,

4. inconclusive, because the ROPE lies inside the HDI or because the HDI covers
the ROPE and extends on either side.

Note that such ordering relations are based on the empirical data, but are numerically
approximated as required by the Bayesian paradigm. It proves very difficult to cast
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Table 1 The definitions of the complexity measures. In the tableau proof system of Fig. 2 of an ABox’s
inconsistency)

Complexity measure Definition

<mean mean simulated inference time

<least mean simulated inference time of the fastest run
<size sum of the sizes of the formulas

<quan number of (universal or existential) restrictions
<card number of elements in the canonical model
<edge number of edges in the canonical model

<pl number of inference steps of the smallest proof
<ps total size of all expressions in a minimal proof
<pd depth of a minimal proof if it is viewed as a tree

these ordered pairs into one ordering on the ABoxes that is easy to interpret or visualise;
more specifically, transitivity is difficult to guarantee. Hence, for allowing proper
comparison a quantitative method is used that is described later.

4.2.1 Complexity Orderings

Regarding the simulated data from SHARP, we can define two different complexity
orderings, based on:

e the mean simulated inference time (<;;¢q,), and
e the mean simulated inference time of the fastest run (<jeqs1)-

The definitions of the complexity measures are summarised in Table 1. Table 2
shows how these two complexity orderings compare with the other complexity order-
ings found in the literature and mentioned in section 2.3. In more detail, the ordering
<size 18 based on the sum of the sizes of the formulas in the ABox, where the size of
a formula is defined as:

Definition 1 The size of an ALE formula is defined recursively as:

e size(C) = 1if C is a primitive concept symbol
e size(C1 M Cy) =1+ size(Cy) + size(Cr)
e size(C) =1+ size(D) if C =—=Dor C =3r.D or C =Vr.D for some r.

The complexity ordering < ; is defined as the ordering entailed by the proof length,
i.e. the number of inference steps of the smallest proof (in the tableau proof system of
figure 2) of an ABox’s inconsistency; note that in this proof system, the proof length
of a consistent ABox equals the number of steps it takes to complete the ABox. The
complexity ordering <, denotes the ordering based on the total of the sizes of all
formulas that appear in a (minimal) proof in the tableau proof system. The complexity
ordering <,y is based on proof depth which is the depth of a minimal proof if it is
viewed as a tree.
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Table2 The complexity orderings (shown by increasing complexity) entailed by various complexity mea-
sures. Horizontal lines denote borders between complexity ranks. The left two are based on SHARP’s
simulations and are the most fine-grained of the measures as no three ABoxes are placed in the same
complexity category

<mean <least <size <quan <card <edge <pl <ps <pd
Az Az Anino | Aendo | Anseo | A2 Az Anino | A2
AendO -AendO -AtSO Aendl Ansal AendO -AendO -Aninl AendO
Aendl Aendl As -AoinO AsprO Aendl Aendl Ar'ndO Aendl
AoinO -Aoi'n.O -AendO Aoinl AoinO AoinO AninO A2 AninO

Aoinl Aoinl Aendl Anin() Aoinl Aoinl Aninl AendO Aninl

-AninO -AninO Aninl Aninl AninO AninO -AoinO Aendl AoinO

Aninl -Aninl -ArndO AnseO Aninl Aninl »Aoinl -AtsO Aoinl

AnseD Anseo -A'rndl -Ansel AQ AnseO ArndO A'r"ndl -ArndO
Anscl Asp'r‘l »AoinO -Asprl Aendo Anscl Asp'r‘l AS Asprl
-Ats() Ansel -Aoinl -Aspr() -Aendl Asp'rO Arndl -Aoin() -Ats()
ArndO -Arnd() AS A17 AtsO Asp'r‘l -AnseO Aoinl Arndl
Aspri Atso Ais1 Az Aspr1 | A1z Anser | A1z Az
AsprO AS -Ats2 -AtsO A17 ArndO AtsO Atsl AnseO
Arndl Arndl -AnseO -ArndO ArndO Arndl AsprO Asprl Ansel
AS -Aspr() -Ansel -A'rndl Arndl AtsO -A8 Anse() -AS
Atsl -Atsl AtsS Atsl -Atsl AS -A17 Ansel Asp'rO
A7 A7 Aspro | As As Ats1 Ats1 Aspro | Atst

Atso Atso Atsa Atso Atso Atso Atso Atso Atso
AtsS AtsS Asp"r‘l -AtSB AtsS AtsS AtsS »Ats3 -AtSS
Atsa Atsa A7 Atsa Atsa Atsa Atsa Atsa Atsa

The table shows that some ABoxes have the same associated inference time
according to SHARP’s simulations, based on frequentist independent ¢-tests. These
ABoxes are considered to have indistinguishable levels of complexity and are therefore
assigned the same rank. The first two orderings were established after 50 simulations
on each ABox and are very similar, with a Spearman rank correlation of 99.3%. In fact,
only the ABoxes Agp,1, Ag and A4 are higher up in <45, compared to <,ueqn,
because the the first two allow for faster runs by skipping formulas that are not neces-
sary for deriving the clash and the last allows for inspecting the universal restriction
multiple times. Changing the sub-symbolic parameters of ACT-R changes the exact
values of the simulated inference times, but it does not seem to change the orderings.

The other complexity orderings are less fine-grained than the first two, taking more
ABoxes together in the same rank of the ordering. We expect the SHARP-based
complexity orderings to correlate strongly to the order of complexity induced by the
empirically established inference times.

4.2.2 Analysis

We use the following definition to compare the predicted ordering with the ordering
found in the empirical data.

Definition 2 An ordered-pair dataset is a triple D = (D;, Dy, D,) of mutually exclu-
sive sets of ordered pairs: D; denotes a set of indistinguishable ordered pairs, Dy
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denotes a set of strictly ordered pairs and D, denotes a set of non-strictly ordered
pairs. In case D,, = ( the ordered-pair dataset is strict, otherwise it is non-strict.

The sets D;, Ds and D, respectively correspond to the judgements 1, 2 and 3 on
the empirical data, as discussed on page 19.

To assess the effectiveness of the linear preorderings (rankings) based on SHARP’s
simulated data in predicting the empirically established ordered-pair dataset we use
the pairwise correlation. This correlation is an extension of the hindsight accuracy,
defined in (Cameron et al., 2021).

Definition3 Let £L = (L, <) be a linear preorder and let D = (D;, Ds, D;,) be

an ordered-pair dataset on L. The pairwise correlation, C, (L, D) is the percentage
2n—N
N

, where n is the number of pairs (a, b) for which:

a ~jy band (a, b) € D;, or
a <p band (a, b) € Dy, or
a <y band (a,b) € D,, or
a ~y band (a,b) € D,, or
a~y band (b,a) € D,,

and N = |U{D;, Dy, D,}|.

In this definition N is the number of ordered pairs for which the empirical data
determines an ordering, i.e. excluding the inconclusive pairs, while n is the number
of such pairs that agree with the linear preorder £. The pairwise correlation can be
straightforwardly understood as the percentage of pairs for which the linear preorder £
agrees with the ordered-pair dataset D; it assumes values between —100% and 100%,
in which case no or, respectively, all ordered pairs from D agree with L.

4.2.3 Results

Regarding the Bayesian analysis on the empirical data, from all 190 ordered pairs of
ABoxes there are 88 for which the HDI lies completely outside the ROPE (strict) and
82 for which the HDI partly overlaps with the ROPE and extends to only one side of
it (non-strict). The remaining 20 cases were inconclusive.

Table 3 shows how the orderings based on SHARP’s simulations compare to order-
ings based on the other complexity measures from table 2. Both measures <4, and
<least» Dased on SHARP, outperform all other measures on the data for which the
ABoxes’ complexities were most easily distinguishable, i.e. the strict data.

For reference, a comparison is shown that includes both the strict and non-strict
empirical data; this is called the ‘lenient’ case. On the latter, the ordering <,; has
the highest pairwise correlation with the SHARP-based orderings on second and third
place.

The worst correlating ordering in both cases is <, with only 29.5% and 43.5%
pairwise correlation for the strict and lenient empirical ordering respectively.
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4.2.4 Discussion

SHARP’s simulations result in more accurate complexity orderings in comparison to
competing methods of establishing complexity orderings.

On a critical note, only the ordering < ,; outperforms the SHARP-based orderings
regarding the empirical data that includes both the strict and non-strict cases — which
we call the lenient case —, but its value is inflated as a consequence of the following. The
empirical data happens to have many instances of ABoxes for which the complexities
could only be distinguished non-strictly. By the definition of the pairwise correlation
this situation ‘rewards’ complexity measures that show many instances of ABoxes
having the same complexity rank — which <, indeed does —because ABox pairs with
the same rank i.e. a &~ b will count for either (a, b) € D; or (b, a) € D; and can thus
not be shown to be wrong. On the other hand, complexity measures that differentiate
between many complexity levels, such as <;,eqn and <jqqs¢, can more easily be proven
to be wrong. This means that, given the data, the pairwise correlation of <, is inflated
relative to <;eqn and <jeqsr. It is worth pointing out that the strict data most clearly
empirically distinguishes different complexity levels and is hence the most important
kind of data to compare complexity measures on.

For the orderings <;;eqn and <j.qs¢, comparing the predicted orderings with the
empirical data, shows that the ABoxes A0 and A,;,1, which are both consistent,
are predicted to be more complex than they empirically turn out to be. This is related
to the simulated inference time being relatively small for these ABoxes, which causes
the time overhead by component five in SHARP to have a relatively large impact on
the total inference time. As mentioned in Section 2.5.2, this is an implementational
issue that was necessitated by ACT-R’s design and not an intended feature.

To assess the orderings in more detail, we create six different ordered-pair datasets
by varying two characteristics:

e by either including the 82 non-strictly ordered pairs (creating a lenient ordered-pair
dataset) or by excluding them (creating a strict ordered-pair dataset);

e by observing the data of the 10 consistent and 10 inconsistent ABoxes separately,
or by observing the data for all 20 together.

The ensuing ordered-pair datasets do not describe unique linear preorders. Table 4
shows the pairwise correlation of the orderings based on SHARP. The table shows that
<mean has a higher pairwise correlation than <, in all cases. Also, both orderings
show greater pairwise correlation to the strict dataset than to the lenient one, which
indicates that both predicted orderings best capture those pairs that are empirically
most easily distinguished. Furthermore, <,,.,, performs better in the cases where
it is compared to the consistent and inconsistent ABoxes separately than when it is
compared to both simultaneously. The ordering <;.4s:, however, has a lower pairwise
correlation to the inconsistent ABoxes than to the consistent ABoxes, while its pairwise
correlation to both together lies between the two.

The fact that the <,,¢4,-ordering performs better than the <j,,s,-ordering might
indicate that, in a simulation, skipping formulas that are not necessary for deriving a
clash gives a less accurate prediction than treating these formulas and the other ones
equally. This indicates that the subjects, on average, appear to have no special heuristic
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Table 4 Pairwise correlations of <;eqn and <j,q5; for various sections of the empirical data

Strict Lenient (Strict and Non-strict)
Ordering Consistent Inconsistent Both Consistent Inconsistent Both
<mean 100% 100% 97,7% 89,5% 82,9% 78,8%
<least 100% 84.6% 93.2% 89,5% 71,4% 74,1%

for selecting only those formulas that give rise to a clash; similar to SHARP they take
all formulas into account in deciding the consistency of the ABox. This supports the
idea that SHARP can be used as an estimate for the relative cognitive complexity for
a task even when there are multiple solving strategies available.

The order of consistent ABoxes is generally predicted more accurately than the
order of inconsistent ABoxes. This indicates that the thinking processes of the subjects
searching for an inconsistency are likely based on something different than merely
applying the syntax expansion rules to derive a clash: some inconsistencies are more
difficult compared to this method, while others are easier.

4.3 Experienced Difficulty

We are interested in how humans experience the difficulty of the ABoxes and whether
this correlates with their inference time. We expect high correlation between the two,
as we consider them to be two operational aspects of the same concept. In case the
two do not correlate at all, both are likely bad operational definitions of the concept
of cognitive complexity of the ALE ABox consistency task.

4.3.1 Analysis

To gain insight into how well humans’ own judgements about the difficulty of an ABox
correlate with their inference time, we compute the Pearson correlation between the
rated difficulty scores of a subject for an ABox and that subject’s inference time for the
ABox. Itis also interesting to see how the judgement of a group of subjects correlates to
their inference time. To get insight in this, we compute the Spearman rank correlation
between the orderings induced by the mean difficulty score and the mean inference
time. Moreover, we compute the pairwise correlation for the ordering based on mean
difficulty score and the orderings established by Bayesian ¢-tests on effect size.

4.3.2 Results

Figure 7 shows a scatter plot of the subjects’ difficulty rating score and their inference
time. The Pearson correlation coefficient is 0.59. This means that the participants are
moderately good at rating the difficulty of ABoxes. Note the fact that the five-point
rating scale is coarse in comparison to the continuous scale inference time.

The Spearman rank correlation between the ordering based on mean difficulty score
and the ordering based on mean inference time is: 78%. The pairwise correlation of
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Fig. 7 Difficulty rating score plotted against empirically measured inference time

the mean rated difficulty (which is a linear preorder) is 95.5% and 80.0% for the strict
and non-strict ordering respectively.

4.3.3 Discussion

The five-point scale is a rather coarse measure with which to rate the difficulty of
ABoxes. On an individual level, only moderate correlation exists between one’s diffi-
culty score and one’s inference time, but this might be just because of the coarseness of
the rating scale. The correlation becomes stronger if the mean rating score of all sub-
jects is used. The pairwise correlation is almost perfect with the strict ordering, which
means that those ABoxes which are easiest to differentiate empirically by inference
times are also the easiest to rate the difficulty of. The above considerations indicate that
both the inference time and the difficulty rating score are likely converging operational
definitions of the same concept.

5 Conclusion

The debugging of ontologies is a cognitively straining and error-prone task for humans.
There exists, therefore, a high demand for facilitating this task and various approaches
to achieve this can be found in the literature. Among other things, there is a demand for
a complexity measure on proofs and justifications that corresponds to the cognitive
complexity with which humans process them. Although cognitive complexity does
not have an established conceptual definition, operational aspects are the error rate,
the inference time, the rated difficulty, to name a few. The latter two are used in this
paper to operationally express the cognitive complexity of the ALE ABox consistency
task. We model the task with a cognitive architecture by implementing the abstract
ABox consistent() algorithm for the description logic ALE into ACT-R. This is, to
the authors’ knowledge, the first attempt to apply a cognitive architecture to model
deductive symbolic reasoning of a description logic. As such, itis an improvement over
other attempts in defining complexity measures that either do not involve cognitive
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theory at all, or make only selective use of cognitive theory. Written in ACT-R, SHARP
models a plausible reasoning process that, by design, includes known cognitive effects
related to learning, forgetting and retrieving information from memory in an integrated
manner. The approach encapsulates the straightforward idea of simulating the ABox
consistent() algorithm as if it were run by a human mind. By simulation, SHARP
allows the prediction of the inference time of a human performing the ALE ABox
consistency task. The simulated inference times show patterns that give rise to concrete
hypotheses on human performance on the task. These hypotheses were empirically
tested in this paper.

The empirical inference times generally show much larger variance than the simu-
lated inference times, making it difficult to either refute or accept the model. The
hypotheses about Role Name Dependence and Nesting Depth Dependence were
rejected, showing that the way humans perform the ABox consistency task is dif-
ferent from executing the syntax expansion rules to derive a clash. Most hypotheses,
however, allowed for both accepting and rejecting the model, except in the case of the
hypothesis about the predicted ordering of the cognitive complexity of the ABoxes.
The latter hypothesis was strongly supported by the empirical data with the ordering
of ABoxes that are empirically strongly different being most accurately simulated by
SHARP. Moreover, the hypothesis that the rated difficulty score correlates strongly
with the inference time showed moderate support, the conclusion being that both infer-
ence time and rated difficulty are useful operational aspects of the concept of cognitive
complexity. The above indicates that cognitive complexity of the ABox consistency
task can be predicted and can be so by a relatively straightforward but novel idea,
namely by implementing a known abstract algorithm in a cognitive architecture. The
same approach can be taken to model human performance on legal reasoning, medical
diagnosis, programming, or indeed any task that can be solved by an algorithm.

This paper supports the idea that defining a complexity measure for the ABox
consistency task that corresponds to cognitive performance is possible. The complexity
measures defined in this paper are adequate for the relative cognitive complexity of
the ABoxes, despite the absolute inference times output by SHARP lie far away from
the empirical inference times. From a modelling perspective, it is interesting and
desirable to improve SHARP’s performance and this can be done in a number of ways.
Firstly, an additional visual component can be added that simulates the processing of
the ALE ABox formulas. Secondly, the sub-symbolic parameters can be tweaked
to make the simulated output fit the empirical data better. Thirdly, it is desirable to
remove the overhead inference time created by component five of SHARP, as it is
responsible for unwanted simulation results. Fourthly, ACT-R’s partial matching can
be invoked to more realistically model errors; this is important, because the error rate
is another operational aspect of cognitive complexity. Fifthly, SHARP can be extended
to incorporate reasoning about TBox axioms. Finally, and very relevantly, extensions
to more complex logics can be made.

The latter point is an important one, because even though the complexity measures
defined in this paper allow the selection of a justification with the least cognitive com-
plexity, thereby facilitating debugging, the scope of application is rather limited. The
reason is that the complexity measures only work for justifications of inconsistencies.
Justifications of consistent conclusions generally lie beyond the scope, as the stan-
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dard method of checking logical consequence by adding the negated conclusion to
the premises and inspecting the consistency of the resulting set is not guaranteed to
work here, because the description logic ALE does not have full negation. Extension
to a logic with full negation seems, therefore, necessary for applying the complexity
measures to justifications in general and thereby also to logical consequences and
proofs. The low cognitive effort needed to understand such optimised justifications
and proofs should help the ontology engineer who is working with the software find
the root cause of the incorrect conclusion in the least amount of time, thereby facilitat-
ing the debugging process. Note that the absolute values of the complexity measures
are not important here, rather the adequacy of the complexity ordering entailed by the
measures is relevant, which is indeed high for our data. Cases where the complexity
measures disagree with the empirical data usually involve ABoxes that have similar
cognitive complexity, in which case selecting one or the other should arguably not
result in meaningfully different levels of performance.

One practical limitation to applying these complexity measures is that they are com-
putationally expensive. To mitigate this problem surrogate modelling seems promising.
A surrogate model is a model with roughly the same input-output function as SHARP
which requires less computational power. Different approaches exist; in particular
random forests, symbolic regression and neural networks seem useful. These lines of
research will be pursued in future.

Appendix: A ABoxes used

The following ABoxes were used in the experiment, an asterisk indicates that the
ABox is inconsistent.

° ApracticeO ={a:A, b:—A, a:—B}

° A’;mmcel ={a:Vs.(=AnB), (b,a):r, c:(—=BNC), b:Vr.3s.(ANB), a: (BN
-C), (b,c):s}

o A% o=1a:A, a:B, a:—A}

o A0 1w =1{a:A, b:B, a:—A}

o Arpgo={a:3r.A, a:Vs.—A, a:3r.B}

o A g1 ={a:3r.A, a:Vs.—A, a:3s.B}

o A o=1{a:ANB, a:—B}

o A ={a:=B, a: AN B}

o Aino={a:A, a:B}

o Ayini ={a:—A, a:—B}

o A o =1{a:(AN(=AN(BNC)))

o A, ={a:(BN(Cn(=AnA)))}

o Aio={a:3ar.An3r.B}

o Ay ={a:3r.Gr.An3Ir.B)nIr.B}

o Aip =1{a:3Fr.An3r.B)nVr.Ar. An3Ir.B)}

o A3 ={a:Fr.An3Ir.B)nVr.Ar.(Ar. AnIr.B) N Ir.B)}

o As={a:(3r.AnIr.B)nVr.(Gr.An3Ir.B)NVr.(Ar.AN3ar.B)))}

o A0 =la:(AN(BN(CN(DN-A))))
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;‘prl ={a:(AnB), a:(BNC), a:(Cn D), a:(Dn—A)}

A7 =la:(=An(BN—=C)), b:(=Bn(CnA)), b:(AnC), a:B)
y=1{a:A, a:—A, b:Vr.A}

A ={a:3r.3s.—A, a:Vr.Vs.A, b:3s.—B)

Appendix: B Some peculiar effects of SHARP

Although the complexity measures derived from SHARP capture the overall relative
cognitive complexity well, SHARP displays some peculiar effects. This section dis-
cusses these effects by first describing them, analysing their associated data and finally
discussing the found results, leading to the conclusion that, on a fine-grained scale,
SHARP leaves some room for improvement.

Element Name Independence
The simulated inference times for deciding the consistency of

Aendo =1{a: A, a:B, a:—A} and
Aenat ={a: A, b:B, a:—A)}

are identical. These ABoxes are designed to be the same except for the element name
of the second formula. This causes the two ABoxes to describe different models, but
SHARP shows the same simulated inference times for both cases. The reason is that
the number of unique atomic formulas to be inspected by SHARP’s first component is
the same in both cases. The fact that the exact formulas are different in both ABoxes
is irrelevant, as they are treated in the same way formally.

Role Name Dependence
The simulated inference time of deciding the consistency of

Arnao = {a:3r.A, a:V¥s.—A, a:3r.B} is shorter than
Arpat = {a:3r.A, a:Vs.—A, a:3s.B}.

The ABoxes are similar, except that the role name of their last formula is different.
This causes the decision procedure to make an inference on a universal restriction in
the second case, but not in the first, thereby requiring more time.

Formula Order Independence
The simulated inference times for deciding consistency of

Aoino ={a: AN B, a:—B} and
Apin1t ={a:—B, a: AN B}

are identical. These ABoxes are the same, except that the order of their formulas
is different. SHARP makes no distinction between the two cases, as all formulas of
the input ABox are loaded to declarative memory simultaneously. The order in which
the formulas are presented, therefore, does not make a difference and the simulated
inference times are the same.

Negation Independence
The simulated inference times for deciding consistency of
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Apino ={a:A, a:B}and
Apint ={a:—A, a:—B}

are identical. The second ABox differs from the first in that its concepts are negated.
SHARP lacks simulations of visual processes and makes no distinction between
negated and non-negated concepts, so the simulated inference times of these ABoxes
the same.
Nesting Depth Dependence
To decide the consistency of

Anseo = {a: (AM(=A N (B nC)))}requires less simulated inference time than
Apse1 ={a: (B (Cn(=AnNA)))}.

By applying the syntax expansion rules, SHARP unpacks nested conjunctions from
the outside inwards. Clashing concepts that are more deeply nested are therefore found
later than clashing concepts that are less deeply nested. The ABoxes are designed to
differ only in the nesting depth of the clashing concepts, so that SHARP shows a
longer simulated inference times for the second ABox.

B.1 Results

Denoting the empirical inference time associated to ABox A by #(.A) and using a 94%
HDI*, we can conclude that:

1. t(Aengo) < t(Aenar), thereby neither rejecting nor accepting the hypothesis of
Element Name Independence.

2. t(Arnar) < t(Arndo), thereby rejecting the hypothesis of Role Name Dependence.

3. t(Avino) < t(Aoin1), thereby neither rejecting nor accepting the hypothesis of
Formula Order Independence.

4. t(Anino) < t(Auin1), thereby neither rejecting nor accepting the hypothesis of
Negation Independence.

5. t(Anse1) < t(Apse0), thereby rejecting the hypothesis of Nesting Depth Depen-
dence.

B.2 Discussion

Two hypotheses are rejected, while the others are neither accepted nor rejected because
of high variance of the empirical data. The hypothesis about Element Name Indepen-
dence is partially supported by the empirical data, although there is also room for
supporting the alternative hypothesis that the inference time of A.,4; is greater than
the inference time of Aepq0. In case of the latter, the subjects do something different
than applying the syntax expansion rules like in the ABox consistency algorithm. They
might be creating models in their minds, and because models that consist of more ele-
ments are harder, they require more inference time. Alternatively, the longer inference

4 The 94% HDI is the default in Arviz (Devs, 2024), which is the package that was used for making most
plots in this paper. It is introduced as a ‘friendly remainder [sic] of the arbitrary nature of the 95% value.’
(Martin, 2018).

@ Springer



Estimating the cognitive complexity of description logic...

time might be explained by it being visually more straining to process different sym-
bols, rather than the same symbol multiple times. Of course many more strategies can
explain the effects. While the data does not distinguish between the null hypothesis
and the hypothesis that the inference time of A,,4; is greater than the inference time
of A¢nq0, it does exclude the hypothesis that the inference time of A4 is smaller
than the inference time of A,40. This means that replacing an element name in a
given ABox with an element name that is new for that ABox, most likely does not
reduce the cognitive complexity of the ABox consistency task for that ABox.

The empirical data rejects the predicted hypothesis that the inference time of A, 40
is smaller than the inference time of 4,,41. This is evidence that the subjects do not
strictly follow the syntax expansion rules in performing the ABox consistency task.
The empirical data supports two alternative scenarios, one in which the inference
time for both ABoxes is the same, and one in which the inference time for A, ;41
is smaller. The second scenario is difficult to explain with mental models theory, as
the mental model corresponding to A,,41 is arguably the more complex one. Perhaps
some subjects were spending extra time on the ABox A,,40: the formula a : Vs.—A
is in a sense irrelevant, because no inference rule can be applied to it and this might
have confused the subjects.

The predicted hypothesis that the inference time of A,;,, is the same as the inference
time of A,;,1 does not contradict the empirical data. The empirical data, however,
also supports the alternative hypothesis that the inference time of A4,;,,1 is greater than
the inference time of A,;,o. If this were the case, the order in which the formulas
are presented, even in relatively simple cases such as this, matters in the cognitive
complexity of the ABox consistency task. The subjects might have had a preference
for complex formulas coming first, or perhaps for having as little symbols as possible
between clashing concept symbols.

Based on SHARP’s simulation results, the inference times of A,,;,,0 and A, are
predicted to be the same. The empirical data supports this scenario, but also supports
the scenario in which the inference time of A, is greater than the inference time of
Anino. If this were true, it would mean that negations add to the cognitive complexity
of the ABox consistency task. Whether this increase in complexity is explained by the
difficulty to imagine concept complements in mental models, or just because the extra
negation symbols add to visual processing time is unclear.

The hypothesis that the inference time of A, is greater than the inference time of
Aunseo 1 rejected by the empirical data. Either the corresponding inference times are
the same, or the inference time corresponding to A,,¢1 is smaller than the inference
time corresponding to A,s.0. The latter case can be explained by the fact that the
clashing concepts visually appear closer together in {a : (B 1 (C 1 (—A M A)))} than
in {a:(An (—AnN (B nC)))}. Although the difference is very small, the subjects
might recognise the visual pattern —A M A very easily. An alternative explanation is
that the subjects are using deep inference rules (Tubella & Strassburger, 2019) to draw
conclusions; instead of working outside inwards, the more deeply nested connectives
are made inferences on first. Mental model theory cannot be used to explain the
difference, as the mental constructions are arguably the same: the element satisfies the
exact same concepts in both cases. In any case, the data shows that the straightforward
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idea of subjects applying the syntax expansion rules is too simplistic when differences
of cognitive complexity are small.

Appendix: C Exponential Scaling of Inference Times

The size of an ABox is recursively defined as:

Definition 4 (Baader et al., 2017, p.58). Given an ALE concept C, its size size(C)
and set of subconcepts sub(C) are defined by recursion on the structure of C:

e If C is a concept name, then size(C) = 1 and sub(C) = {C},

e If C = C| N Cy, then size(C) = 1 + size(Cy) + size(C;) and sub(C) = {C} U
sub(C1) U sub(C»),

e If C = =D or C = 3r.D or C = Vr.D, then size(C) = 1 + size(D) and
sub(C) = {C} U sub(D).

These definitions extend to an ABox A as follows: sub(A) = J,.cc 4 sub(C) and
size(A) = D ,.cca5ize(C) + R4, where R 4 is the number of role formulas (i.e.
formulas of the form (a, b) : r) in A.

The ABoxes:
o Ao ={a:3Ir.An3Ir.B},
e A1 ={a:3Ir.Gr.An3Ir.B)n3Ir.B},
o Ao =1{a:3Fr.An3Ir.B)nVr.Ar.Anar.B)},
o A3 ={a:3r.An3r.B)NVr.3r.(3r. AN 3r.B) N3r.B)},
o Aya={a:(3r.AnIr.B)nVr.(3r.An3Ir.B)NVr.(Ar. AN 3ar.B)))}

grow linearly in size, but the corresponding expanded ABoxes grow exponentially in
size due to AND-branching: the ABoxes encode binary trees and the size of those
trees increases exponentially with their depth. The corresponding simulated inference
times also scale exponentially with the size of the ABoxes.

The simulations of the ABox A;s4 are problematic: the long inference time for
these simulations causes certain chunks to decrease their activation below the retrieval
threshold; this problem was discussed in Section 2.5.2. SHARP fails to draw a con-
clusion in about 85% of the cases for this ABox; simulations for the other ABoxes do
not suffer from this problem.

Learning effects in SHARP such as proceduralisation and activation base-level
learning seem insufficient to make the simulated inference times of the ABox consis-
tency problem scale better than exponentially. Due to the relatively simple structure
of these ABoxes — they contain no negations — one may have reasons to doubt that this
hypothesis holds.

C.1 Analysis

To test for this exponential scaling, two linear fits are performed on the empirical
data: one on the raw data and one on the log-transformed data. The R? coefficients
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Fig. 8 The red points are the empirically measured inference times and the yellow lines linear regression
lines. The left figure shows a linear regression on the size and inference time, resulting in R% = 0.36. The
figure on the right uses log-transformed inference times, resulting in R? = 0.38. Both figures show the
94% predictive confidence interval

are determined for both regressions and are compared after performing Fisher’s z-
transformation to the R? coefficients. Fisher’s z-transformation is defined by z =
arctanh(r) and is usually used for mapping correlation coefficients from the interval
[—1, 1] to the real line. The skewness that distributions of such coefficients have
because of the interval’s boundaries, is removed by the transformation, making such
distributions approximately normal. We therefore apply Fisher’s z-transformation to
the R? coefficients and assume they are normally distributed so that their difference
can be tested for significance. If the z-value of the second regression is significantly
higher (at alpha level 0.06 ) than the z-value of the first, it can be concluded that the
data shows exponential scaling of inference time with ABox size.

C.2 Results

Figure 8 shows the two regressions and the 95% predictive interval. The linear
regression on the raw data has an R*-value of 0.36 =+ 0.02. The regression on the
log-transformed data has the slightly higher R?-value of 0.38 & 0.02. Performing
Fisher’s Z-transformation on the data gives a p-value of 0.83, which means that the
null hypothesis is very likely and that the two regressions are not statistically signifi-
cantly different.

C.3 Discussion

The exponential scaling of inference time with size cannot be demonstrated in the
empirical data. There is a slight indication of exponential behaviour, but this is not sta-
tistically significant. This may indicate that the subjects find and use certain shortcuts
in the reasoning process which speeds up the performance. Private and unprompted
communication with some participants indicated that the absence of negations in the
ABoxes led some subjects to decide their consistency very quickly; it is, however, not
clear how many subjects used this shortcut.

5 A similar derfault in Arviz Devs (2024) showing the arbitrary nature of the 0.05 value. Martin (2018).
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Appendix: D Spread Dependence on Nesting Structure

o Agpro = {a:(AN(Br(Cn(Dmn—A))))} shows less spread in simulated inference
times than
o Apri={a:(AnNB), a:(BNC), a:(CND), a:(Dn—A)}.

These ABoxes are similar in that their single element satisfies the same concepts in
both; they are different in the way these concepts are distributed over the conjunctions.
The clashing concepts are A and —A, and the first ABox allows only one way to derive
this clash. The second ABox allows multiple ways to derive the clash, because some
formulas in it are not necessary for deriving the clash and can hence be skipped.
Humans, focussing on finding a clash, might skip irrelevant formulas automatically
and their inference times would therefore not show a difference in spread. Yet from
SHARP, designed to apply the syntax expansion rules only, it follows that the inference
times of A, show a larger spread than the inference times of Ay 0.

D.1 Analysis

To test this hypothesis, samples are drawn from the posterior distributions which are
then compared with each other using the Brown-Forsythe test (Brown & Forsythe,
1974). The Brown-Forsythe test is designed for comparing variances of two samples
and is robust to the underlying distributions possibly being asymmetric. It is defined
by:
p )
b N-—p Zj:lnj(zj -2)
n; _ I
p—1 Z?:] Zi;1(zij - Zj)2

where p = 2 denotes the number of groups, n; the size of group j, N = nj +n3 and
zij = |yij — yj| with y; the median of group j. Furthermore, z; is the mean value of
z;j for group j and Z is the overall mean of z; -

To perform Bayesian hypothesis testing on the resulting distribution of Brown-
Forsythe values, we defined our ROPE to be the 95% confidence interval of the F-
distribution with p—1 = 1, N — p = 68 degrees of freedom, which is the theoretically
predicted distribution of Brown-Forsythe values under the hypothesis that the two
samples have the same variance.

D.2 Results
Figure 9 shows the distribution of Brown-Forsythe values estimated by taking samples

from the posterior predictive distribution. The ROPE lies completely within the HDI,
so no meaningful conclusion can be drawn.

D.3 Discussion

The fact that the difference in variance of inference times for the two ABoxes cannot
be empirically demonstrated might be an indication that the distributions of inference
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Fig.9 The posterior predictive distribution of Brown-Forsythe values. The ROPE is shown as the horizontal
grey line and is defined (based on theoretical considerations) to extend from 0.0 to 5.10. The horizontal
green line is the 94% HDI from 0.0 to 6.5

times simulated by SHARP are too narrow to be accurately representing human perfor-
mance. Indeed, SHARP uses fixed parameter settings, which means that the cognitive
processes it simulates, correspond to cognitive processes of humans that are exactly
identical in their cognitive performance. Group performance on the ABox consistency
task therefore shows larger variance in the inference time. It is interesting for future
research to investigate the simulated inference times of SHARP where each simula-
tion uses a different parameter setting such that it approximates a group performance
better.
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