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DEFINITION
X a team = set of assignments.

=
(Vx y> Rxyzw = Vx3dyVz3Iw(D(z, w) A Rxyzw)
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TEAM SEMANTICS

» Team semantics: Lifting semantic values (of formulas) from
sets of assignment to sets of sets of assigments (sets of teams).

» Flatness property of FO: A first-order formula is satisfied by a
team iff all assignments satisfy the formula.

» Subteam property: If a team satisfies a formula so does each
subteam.

The subteam property fails in some logics, e.g., independence logic
and exclusion logic.
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DEPENDENCE LoGIC

b= At At | D(R) | A 6| 6V 6| o | ¥xo

» M, XFE vifforall s € X: M sF ~, where v is a literal.

> M, XE D(t,¢) if for all s, &' € Xif s(t) = § (%) then s(¢') = §(¥).

> M, XE ¢ Apif M, XE ¢ and M, X F 1.

» M, XFE ¢V 1 if there are YU Z = X such that M[, Y F ¢ and
M, ZE .

» M, XF Qx¢ if there is F: X — Qp s.t. M, X[F/x]| E ¢.

> V= { M}

» y={ACM|A#£0D}

» X[F/x] ={s[la/x] | s€ Xand a € F(s) }
> MEoiff M, {0} F o.
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SOME PROPERTIES

> M,OF ¢

Downwards closure: If Y C Xand M, X F ¢ then M, Y F ¢.

» Local / Context independent: M, X E ¢ ifft M, Y = ¢ where
Y={s[fv(¢)|se X}

» Dependence logic (and IF-logic) and Existential Second Order
logic (ESO) is of the same strength.

v

» For formulas the situation is slightly different: Dependence
logic and the negative fragment of ESO are equivalent.

» Extra feature of D: Truth is definable.
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GENERALIZED QUANTIFIERS

A generalized quantifier Q is a class of structures closed under iso-
morphisms.

> Qu={R[(MR)€Q}.

Om C P(M).

M, sF Qx¢iff ¢ € Qu
> Vu={M}
» Jy={ACM|A#£(}
> (Q)m={ACSM|[A] =R}
Qis monotone increasing if A C Band A € Qy implies B € Qy.
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GENERALIZED QUANTIFIERS IN DEPENDENCE LOGIC
Works well only for monotone increasing generalized quantifiers.
» M, X Qx¢ iff there is F: X — Qp such that M, X[F/x] F ¢.
X[F/x| ={sla/x] |s€ X,a€ F(s) }
Example: M, {sp, 51} F 322z Rxyz

M

5 F(s1)
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ITERATION AND BRANCHING

ITERATION

(Q1-Q)mu={RCM |{a].Re (Q)u}eE(Q)m}

(Q1- Q2)xyp = QixQoy ¢
For monotone increasing quantifiers:
Br(Q1,Q2)u={ RCM* [Ax BC RAE (Q1)mBE (Qo)um }

0. o= (2) o
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PROPERTIES OF D(Q)

» Empty set property: M, ) E ¢
» Downwards closure: If Y C Xand M, X F ¢ then M, YE ¢.
FLATTNESS OF FO(Q)

M, XE ¢iffforallse X, M,sFE ¢

for all FO(Q)-formulas ¢.

RESPECT ITERATION

M, XFE (Q1- Q2)xy¢ iff M, XF Qi1xQoy ¢
EXPRESS BRANCHING

D(Q) = D(Q, Br(Q, Q))
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NORMAL FORM

~

THEOREM: NORMAL FORM FOR D(Q, Q)

~

Every D(Q, Q) formula is equivalent to one of the form:

Hixi .. . H™xp3yr ... e /\ D(, yi) A 6),

1<i<n

where #H' is either Q, (:) or V, and 0 is a quantifier-free FO formula.
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DEPENDENCE LOGIC

» Dependence relations can be axiomatized (Armstong).
» Dependence logic has the same strength as ESO.

» The relation I F ¢ is not r.e.
>

Restricting to ¢’s without dependence atoms gives an r.e.
entailment relation.
» An explicit axiomatization has been given by Kontinen and
Vainanen.
IDEA:
» Construct a natural deduction system in which the normal form
can be derived.
» Allow dependencies in normal forms to be replaced by finite

approximations.

» Show that in enough models (recursively saturated) the set of
finite approximations is equivalent to the original sentence.
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~

Ax10MATIZING D(Q, Q) I: GENERAL RULES

First: Some rules sound for any interpretation of Q (monotone
increasing).

~

» Standard rules for FO(Q, Q) formulas.

» Standard rules for conjunction, existential quantifier, and
universal quantifier.

» Commutativity, associativity and monotonicity of disjunction.

» Monotonicity, extending scope, and renaming of bound

variables for Q and Q.
> Duality of O with respect to FO(Q, Q) formulas.
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~

Ax10MATIZING D(Q, Q) II: DEPENDENCE RELATED RULES

» Unnesting:
D(t1>"'7tn)
Fz(D(t1, ..oy 2, ooy ty) N2 = 1)

where z is a new variable.
» Dependence distribution:

Jy1-.. Hyn(/\lstnD(Ej, J’j) A d’) V 3yt - Hym(/\n+1§j§mD(2j’ J’j) A @Z’)
Iy Fym(A1<jcm DE, 1) A (9 V 1))

where ¢ and 1) are quantifier free FO formulas.

» Dependence introduction:

IxHyod
Hy3Ix (D(z, x) A ¢)

where  lists the variables in fv(¢) — {x, y} and H € {V, Q, O}.
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APPROXIMATIONS

Suppose o is in normal form:

Hixp ... H xp3y1 ... Elyn( /\ D(E, ;) NO(Z, j/))

1<i<n
Let A* o be

V1331 - .. V3 ( /\ R(xj) — /\ 0(xj, ;) A
1<j<k 1<j<k

Let Bo be

TEAM LOGIC
000000000
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~

Ax10MATIZING D(Q, Q) IIl: THE APPROXIMATION RULE

[Bo] [AF o]

7 ” Ld (Approx)

where o is a sentence in normal form, and R does not appear in )
nor in any uncancelled assumptions in the derivation of v, except
for Bo and Afo.
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COMPLETENESS FOR WEAK SEMANTICS

LetI' F,, ¢ mean that I' F ¢ for any monotone increasing
(non-trivial) interpretation of Q (and Q is interpreted as the dual of
the interpretation of Q).

THEOREM
This system is sound and complete wrt I' =, ¢ where ¢ is FO(Q, Q).
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UNCOUNTABLY MANY

» FO(Q) is axiomatizable, where Q; is “there exist uncountably
many ..”. (Kiesler)

» Add Keisler’s rules for Q.

Define the Skolem translation So of ¢ in normal form to be:

Hixi . H x0(((F) ) ).

» Replace the approximation rule with the following rule
[So]

o 4

” (Skolem)

THEOREM
This system is sound and complete wrt I' F ¢ where ¢ is FO(Q1, O1).



INTRODUCTION DEPENDENCE LoGIc AXIOMATIZATIONS TEAM LOGIC
000000 0000000 0000000 000000000

NON-MONOTONE QUANTIFIERS
M E 375xPx
JF: {0} = 352, st. M, {0} [F/x] E Px
JACM, st. |A|=5and A C PM
M E 325x Px

¢ is satisfied by X if

» every assignment s € X satisfies ¢.

> every assi isfies @.

> for every assignment s : dom(X) — MF, s € Xiff s satisfies ¢.
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DEPENDENCE LOGIC, TAKE Il

¢ = At| ~At| D®) | A6 | oV ¢ | 3xo | Vxo
» M, XE ~vifforall s e X: M s F -, where - is a literal.
» M, XFE D(t,¢) if for all s, s’ € Xif s() = ¢(%) then s(¢) = §/(¢).

> M, XF pAyiff Y, Zst. X= YN Z, and both M, YF
¢and M, ZF ¢

> M, XF ¢Vyiff Y, Zst. X= YU Z, and both M, YF
¢and M, ZE o

» M, XFE Jx¢ iff Y s.t. x € dom(Y),IxY = IxXand M, YE ¢
» M, XE Vx¢ iff Y s.t. x € dom(Y),VxY = IxXand M, YE ¢
OxX={s:dom(X)\{x} > M|{aeM]|s[a/x] € X} €Qun}
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TEAM LOGIC

Pu=At|-At| T(X) |[¢R¢ | oD P |dNP| PV P |Txd | Vxd

» M, XF ¢ iff Vs : dom(X) — M(s € Xiff M, s E ¢), for
first-order atomic or negated atomic formulas .

> M, XFE T(x)iff 3xX = { 0 } [MF/dom(X) \ { x}]

> M XFouiff Y, Zst. X=YNZM,YE pand M, ZF o
> M XEFoppuiff Y, Zst. X=YUZ M, YE pand M, ZF o
> M, XE ¢ A iff M, XE ¢ and M, X F 9

> M, XE ¢V oiff M, XE ¢ or M, XE 9

» M, X FE 3x¢ iff Y s.t. x € dom(Y),IxY = IxXand M, YF ¢
» M, XFE Vx¢ iff Y s.t. x € dom(Y),VxY = IxXand M, YE ¢
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PROPERTIES

BASIC PRINCIPLE

A formula ¢ is satisfied by a team X if for every assignment s :
dom(X) — M*, s € Xiff s satisfies ¢.

Non-example: dom(X) = { x }:
M, X E Jx(x = x)

A formula is untangled if no quantifier Qx appears in the
scope of another quantifier Q' xand no variable is both free and bound.

For first-order untangled ¢ and teams X s.t. dom(X) Nbv(¢) = 0:

M, X F ¢ iff X = [¢]emx)
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RELATIONSHIP WITH DEPENDENCE LOGIC
XFE D(x, y) iff

XEI(VMTEY) @ T(%2) A (y= 20 T(x,w)),

where z is not in x, y and wis dom(X) \ { x,y,z }.

Define f{w, ¢) on the set of dependence logic formulas D[7]:
> fiw,D(x,y) = Fz(VW(T(%,y) @ T(X,2) A (y =2z T(x,W)),
where W = w\ { X, y,z } and zis not in w.
> fw,¢) = ¢ T(w)if ¢ is a literal,
> flw 6 A ) = fiw,6) ® fix, 6), and
flw, oV ) = fiw, ¢) & fIx, ¢), and
> flw,3yd) = Iyflw, y, ¢) and Aw, Vyd) = Vyflw, y, §).
Let ¢ be the formula fifv(¢), @).
For every team X and formula ¢ of D[7] such that dom(X) = fv(¢):

M, X Epr ¢ iff M, X £ ¢
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EXPRESSIVE POWER

We may, in a similar fashion, give a translation g of independence
logic into team logic in such a way that

M, X E ¢ iff M, X F g(¢, dom(X)).

Galliani (2012) proved that every ESO-property can be expressed by
an independence formula and thus by team logic.

For every T[r]-formula ¢ there is a ¥} formula © in the language of
7 U { R} such that for all M and X: M, X F ¢ iff (M, rel(X)) F ©.

The expressive power of team logic is that of existential second-order
logic, for both formulas and sentences.
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GENERALIZED QUANTIFIERS REVISITED

Let Q be of type (n) then M, X F Qx¢ iff there is Y such that x €
dom(Y), M, YE ¢ and 3xX = QxY, where
OxY={s:dom(Y)\{x} = M| Y(x) € Qum } .

Y, ={¢:dom(Y)\ dom(s) > M|sUs €Y}
Conservative over FO(Q):

For every untangled ¢ formula of FO(Q) and every team X such that
dom(X) Nbv(¢) = 0:

M, XE ¢ iff X = [¢]jmmcx) -

Respects iteration:

M, XF (Q1-Q2)xy¢ iff M,XFE Q1xQox¢
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CONCLUSION

» Extending dependence logic with montone increasing
generalized quantifiers is a natural and stable extension.

» There is a way to introduce non-monotone quantifiers by
altering the basic semantics.

OPEN QUESTIONS
» T(Q) = T(Q,Br(Q, Q))? (whenever Br(Q, Q) makes sense)
> T(Q) = ESO(Q) ?

THAT’S ALL FOLKS!
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