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The plan

e Background and motivation
Substitutionality

e A substitutional propositional logic using teams
e Semantics and adequacy
e Deductions and completeness

Axiomatizing standard team semantics

e A substitutional first-order logic using teams

e Semantics
Axiomatizing standard team semantics
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Background and motivation



Background and motivation

Substitutionality and Dependence logic

pEY = h(p) Fh(y)

for all homomorphisms h from the absolutely free (term) algebra of formulas to itself.

e helps when constructing uniform proof systems.
e needed to apply (standard) techniques from algebraic logic.

Dependence logic and its siblings are not substitutional:
P(x) vV P(x) E P(x), but =(x) V =(x) ¥ =(x)

|
Due to that the possible denotations of atoms is a proper subset of the possible deno-
tations of formulas.
2/ 22



Background and motivation

The project

Basic question
Is there a substitutional logic that can express dependence and independence?
Guiding ideas:

e Start with propositional logic, for simplicty and its strong algebraic connections.
e Want the denotations of propositional variables as general as possible.

e Include “enough” connectives to be able to express standard team semantics.

3/22



A propositional logic for team
properties



A propositional logic for team properties

Boolean algebras and teams

Propositional logic is the logic of Boolean algebras

© E v iff h(e) < h(w) for all homomorphisms h : Fm — B and Boolean algebras B.

|
What is the corresponding algebra for team semantics of propositional logic?

e Valuations are elements of 2N

Teams are elements of P(2Y) = B

e Denotations of formulas are elements of P(B).

Logical connectives correspond to operators on P(B).
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A propositional logic for team properties

Algebras for team properties

e Let B be a Boolean algebra using 0, —, -, and + as operators.
e P(B) is a Boolean algebra with additional point-wise operators:
e Standard (set-theoretic) Boolean operators: L, =, V, A
e Internal (point-wise) operators: 1L, =, \V, /A
e Il ={0}
e =X={—-alaeX}
e X\WY={a+blaeX,beVY}
e XNY={a-blaeXbeVY}
e Structures similar to P(B) with point-wise operators have been studied under
different names:
e Second-order Boolean algebras (Brink, 1984)
e Complex algebras (Goldblatt, 1989)
e Hyperboolean algebras (Goranko and Vakarelov, 1999)
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A propositional logic for team properties

Propositional Logic of Team Properties (LTP)

Formulas (Fm):

pu=L|Pi|-pleVe|lpAp|l|3p|eVe|ene

w B iff

for all Boolean algebras B and all homomorphisms H : Fm — P(B):

H(e) € H().

E 4 iff H(v)) = B for all H : Fm — P(B).
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A propositional logic for team properties

Satisfaction relation

Let B be a Boolean algebra, v: N — PB. We define B, v, b E ¢ by the following recursive
definition.

e BV.bF I,
e B,v,bE P;if b e v(i),
e B,v,bF —pif B,v,b¥ ¢,
e B,v,bE=pifB,v,—bE ¢,
e Biv,bE VY ifB,v,bE porB,v,bE,
e Biv,bE@AYIifB,v,bE pandB,v,bkE 1,
e Bv,bE oW if there are by,b, € Bst. b=b;+ by, B,v,b1 E ¢ and B,v, b, E ¢, and
e B,v.bF ¢ /N1 ifthereare by,b, € Bst. b=by-by, B,v,bi EpandB,v, b, E .
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A propositional logic for team properties

Equivalence of the definitions

Proposition

¢ E ¢ iff for all Boolean algebras B, all v: N — P(B), and all b € B, if B,v,b E ¢, then
B,v,b E 1.

e When B is the Boolean algebra of sets of propositional valuations, i.e, B = P(2)

and b € B, then b is a team in the sense of Propositional Dependence logic.
e Ifalso

v(id=P{sec2V|s(i)=1}

then B,v, b E ¢ iff the team b satisfies ¢ in the sense of Propositional Dependence
logic (formulated in a different language!)
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A propositional logic for team properties

Some results

e PEPWP butP\VPEP
e EPWV-Pandk PWV =P [H(P)={0}]

LTP is substitutional. [Composition of two homomorphisms is a homomorphism.]

LTP is conservative over propositional logic. [External connectives are defined over
a Boolean algebra.]

e The set of countable and finite Boolean algebras is adequate for LTP.
e The set of finite Boolean algebras is not adequate.
e LTP is undecidable (Knudstorp, 2025).
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A propositional logic for team properties

Labelled formulas

e Labels(Lb):a:=0|p;|—-ala+a|a-a
e Labelled formulas: a: ¢, where a € Lb, p € Fm

a:pEb:yif
forall B,allh: Lb — B and all H: Fm — PB: if h(a) € H(y) then h(b) € H(v).

pwEY iff p:oEpPp:Y
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A propositional logic for team properties

Rules for external connectives

%/\I Oraw:glﬁ AE %/\E
[01:99] [01:1/}]
[Gr:@] [O::—mp]
Gb:::—J';D -1 % -E Z{i RAA % LE
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A propositional logic for team properties

Rules for internal connectives

a = b is shorthand for (—a+b)-(a+ —b): T, where T is 3l

a:o by AT {D:cp{ {D:g@%
a-b:o/N q:v q:v
o [a=p-q] [a=p+d]
a:e b:y a:p /N b:o a:pWVa b:o
a—&—b:ga\\/z/)\\/I b:o /NE b:o VE
a:p a:=p
fa::u,o:‘:[ fazgoz'E
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A propositional logic for team properties

Rules for labels

-
taut

b:T
Assuming a; -...-ay F b in propositional logic.

a=b b:yp
a:o S

Soundness and completeness

a:pEb:y iff a:pFb:9

ub
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A propositional logic for team properties

Strong propositional team logic: PT"

Yang and Vaananen (2017)
pu=Pi|~P[AL[NB]oVo|lonp|[pVe
Valuations are elements of 2V. Teams are elements of P(2V).
Define Hy : Fmpr+ — PP(2V) by
Hy(P)=P{sec2V|s(i)=1}
Hu(~P) =P {se2"|s(i)=0}

PT 1ok iff Hy(p) C Hu(®)
Note that Hy(P;) are principal ideals.
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A propositional logic for team properties

Axiomatizing PT" in LTP

e OX=0ifX#£BandOB=8B
e ~X={beB|VaeX,b-a=1}

Og E 4 iff for all H : Fm — P(B), if H(¢) = B then H(¢)) = B.

X\ ~X = B iff Xis a principal ideal.

Principal Variable Axioms: PVA = {O(P; \V ~P;) | i € N }.

PTt:pEvy iff LTP:PVA ¢ F 1.
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An attempt at a first-order logic for
team properties



An attempt at a first-order logic for team properties

A first-order logic for team properties

pu=At[x=y|x£Y | |mploNeleoVeolonp|pVe|WXe|xp

Here At ranges over atomic formulas in the language of a fixed relational signature L.

Models

A modelin this setting consists of a non-empty domain M together with an interpretation
| of the symbols in the signature £ such that I(c) € M for each constant symbol ¢, and
I(P) C P(MF) for each k-ary predicate symbol P.

Thus, predicate symbols are interpreted as collections of k-ary relations, rather than as
single relations.
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An attempt at a first-order logic for team properties

Satisfaction

M, X = P(x) iff X(X) € I(P)
M, X |=x =y iff Vs € X, s(x) = s(y)
e M X[ Xx#yiff Vs € X,s(x) # s(y)
o M XE —piff M|X £ ¢
o M XE=piff M X E ¢
e MXEp/MNiffaY,Zst. X=YNZ;M,Y = pand M,Z =
e MXE@WVyiffaY,Zst X=YUZM, Y= pandM,Z =
e MMXE oAy IffMXE pand M,X =
o« M X pViff M X por M X1
e M XEIxpiff IF: X = PM)\ {0} st. MJX[F/X] E ¢
o M, X E Vxp iff M| X[M/X] E ¢
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An attempt at a first-order logic for team properties

Some results

e The logic is substitutional.
e Functional dependence and conditional independence are definable.

e The empty signature fragment is expressibly equivalent to full second-order logic.

M, X = O(P(X) V ~ P(X)) if and only if I(P) = P(R) for some set R C M*.
Standard team semantics is axiomatized by the schema PVA:
YXO(P(X) WV ~ P(X))

for each predicate symbol P.
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An attempt at a first-order logic for team properties

Embedding Dependence logic

Let p be a formula of Dependence Logic, ¢’ is defined by:
e X=Y = XFY
e <P(X) — ~P(X)

e =(Xy) = dep(x,y)
oV — WV

Theorem
I = ¢ in Dependence logic iff ', PVA = ¢/
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An attempt at a first-order logic for team properties

Further work

e What are the algebras of LTP? Is there a representation theorem? More specifically
are there algebras that satisfy all LTP-equations but is not isomorphic to a
substructure of a P(B)?

e The semantical construction of LTP can be seen as “adding” a Boolean algebra on a
another Boolean algebra, and the proof system is clearly propositional logic “on
top” of propositional logic. Are similar constructions applicable to other logics?

e |s the first-order version expressibly equivalent to second-order logic over
non-empty signatures?
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An attempt at a first-order logic for team properties

THANKS!
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An attempt at a first-order logic for team properties
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