AN ALTERNATIVE APPROACH TO DEPENDENCE LOGIC
Filosofidagarna 2022, Lund

Fredrik Engstrom

June 12, 2022

University of Gothenburg

0/17



Outline

Introduction to Dependence logic.

e What is the construction and why this one?

Give an alternative approach.

What are the implications of this?

Conclusions and questions.
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Dependence Logic | Intro

Vx Ay Vz dw Rxyzw

Vx dy
(VZ HW) Rxyzw

Jf g Vx Vz Rxf(x)zg(2)

VX 3y ¥z Iw/x Rxyzw

Vx 3y Vz 3w (D(z,w) A Rxyzw)
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Domainis { 0,1}.
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Dependence Logic | Intro

Dependence atom

= D(z,w)

NN e =)
NN =N
, O R O
o - O

Xis ateam, i.e, a set of assignments.
M, X E D(x,y) iff for all s,s" € X if s(x) = s'(x) then s(y) = s'(y).
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Dependence Logic | Intro

Team semantics

e Aformula is satisfied by a set of assignments, a team.

e Flatness: A first-order formula is satisfied by a team iff all assignments satisfy the
formula:

XEpANYIffVseX,sEpNYiffVseX,sEgpandskEy iff XE¢and XE
XEoVyiffVseX,sEpVyiffvseX,sEporsEyiffIYUZ=XYEpand ZEy
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Dependence Logic | Definition

Dependence Logic

¢ = At| AL DX,Y) |6 A | oV | IXe| VX

|
e M,XE ~ifforall s € X: M,s E ~, where v is a literal.

M, X E D(x,y) if for all s,s” € X if s(x) = s'(x) then s(y) = s'(y).

M,XE ¢ A if M,XE ¢ and M, X E 4.

M,XE ¢V ifIYUZ =X such that M,YE ¢ and M,Z E 9.

e MLXFQxegif.
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Dependence Logic | Definition

Quantifiers in dependence logic (Engstrom, 2012)

e M, XFE Qx¢ iff thereis F: X — Qu such that M, X [F/X] E ¢.
Vu={M}, Iu={ACMA£D}, XIFX={sla/d|seXacF(s)}
Example: M, {so, 51} F 322z Rxyz

M

B F(s0)

S1 _\%@ F(SW)
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Dependence Logic | Definition

Some properties

M, 0 E ¢
Downwards closure: If Y C X and M, X E ¢ then M, Y E ¢.
Flatness: For FO-formulas: M, X E ¢ iff M, s £ ¢ for all s € X.

Dependence logic and Existential Second Order logic (ESO/X]) are of the same
strength.
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Dependence Logic | Foundations

What is happening?

e A lift from denotations as sets of assignments to sets of sets of assignments:
PX — PPX.

e Flatness: Denotations of FO-formulas ¢ are P[¢], where [¢] is the Tarskian
denotation.

e Downwards closure: Denotations are downward-closed sets: PX — LPX.
LPX is the set of all downward-closed subsets of PX.
Abramsky and Vaananen (2009): The Hodges construction is canonical, and forced:

e Hodges semantics is the image under £ of Tarskian semantics, and
e L is the left adjoint to the forgetful functor: QTL — POM.
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Dependence Logic | Foundations

Problems

The construction is based on the flatness principle and £PX being the right space for
denotations.

But

e Denotations of independence atoms, exclusion atoms and others are not
downward-closed.

e The functor is not canonical if we replace LPX with PPX.

e Thus, the Hodges construction is not “forced” in this more general setting.

e Generalized quantifiers can conservatively be added to Hodges semantics but only
for monotone increasing generalized quantifiers.
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Alternative approach - Team logic

Dependence logic, take Il

¢ = At| -AL| DY) |6 A G |6V o |Io | Vxo
|
e MLXE ~vifforall s e X: M,s E ~, where v is a literal.
e ML XE D(X,y) if for all s,s" € X if s(X) = s'(X) then s(y) = s'(y).
e M XE @AY IffIY,Zst. X=YNZM,YE ¢and M,ZE 1
e M\XE¢Veiffay,Zst. X=YUZM,YE ¢and M,ZE ¢
e M,XE Qx¢ iff Y s.t. x € dom(Y),QxY =Xand M, YE ¢

e OxX={s:dom(X)\{x} =M|{aeM]|s[a/x]eX}ecQu}
e The lifting operator is PX.

12 /17



Alternative approach — Team logic

Team logic

¢ = AL| ~AL| DY) | 6 A6 6V || Vxg
|
e M, XFE ~if foralls: s € Xiff M, s = v, where ~ is a literal.
e M, XE D(X,y) if for all s,s" € X if s(X) = s'(X) then s(y) = s'(y).
e MLXE gAY IffIY,Zst. X=YNZM,YE ¢and M,ZE 1
e MXE ¢V iffay,Zst. X=YUZM,YE ¢and M,ZE 1
e M,XE Qx¢ iff Y s.t. x € dom(Y),QxY =Xand M, YE ¢

e OxX={s:dom(X)\{x} =M|{aeM]|s[a/x] €X}e€Qu}
e The lifting operator is ZX = { X }.

13 /17



Alternative approach - Team logic

Properties — Team logic

The foundational principle - replacing flatness

For FO-formulas ¢, denotations are Z[¢] = { [¢] }.

Expressive power

The expressive power of team logic is that of existential second-order logic.

Generalized quantifiers

We can conservatively add any type of generalized quantifiers.
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Alternative approach — Team logic

Substitutionality

o Alift X of literals from PX to PPX (for example P or Z) specifies the semantics fully.
e The lift limits the possible denotations of atoms.

e No substitutionality: p vV p E p, but D(x) Vv D(x) ¥ D(x)

e Define basic team logic by quantifying over all lifts: ¢ E « iff ¢ 5 1 for all A

Theorem (Lorimer Olsson, 2022)

The propositional basic team logic you get
e (S substitutional,
e has the same logical strength as Propositional Dependence logic, and
e it interprets Propositional Dependence logic.
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Recap and open Qs

e The arguments for the Hodges lift being canonical are not fully valid.
e There are alternative lifts, such as 7.

e Quantifying over all lifts: basic team logic.

e The propositional basic team logic is substitutional.

e What is an axiomatization of it?

e What is an algebraization of it?

e |s the first-order basic team logic well-behaved?

That's all!
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