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TEAM SEMANTICS

» Team semantics: Lifting semantic values (of formulas) from
sets of assignment to sets of sets of assigments (sets of teams).

» Flatness property of FO: A first-order formula is satisfied by a
team iff all assignments satisfy the formula.

» Subteam property: If a team satisfies a formula so does each
subteam.

The subteam property fails in some logics, e.g., independence logic
and exclusion logic.

This talk introduces a logic in which flatness fails.
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DEPENDENCE LoGIC

> ¢u=7][0NP[OVP[Ixg|Vxe,

where 7 is a literal or dependence atom.
» MEoiff M, {0} F o.

» M, XFE ~vifforall s € X: M,sF v, where v is a literal.
» M, XE =(t,¢) ifforall s,s € Xif s(t) = (%) then s(#') = §(¢).
> MXEFpANYif M, XE ¢ and M, X F 1.
> M, XE ¢V 1 if there are YU Z = X such that M, YE ¢ and
M, ZE .
» M, XE Qx¢ if there is F: X — Qp s.t. M, X[F/x] E ¢.

> Vu={M}
» u={ACM|A#£D}
» X[F/x] = {s[la/x] | s€ Xand a € F(s) }
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GENERALIZED QUANTIFIERS

A generalized quantifier Q is a class of structures closed under iso-
morphisms.

> Ou={R|(MR)€Q}.

Oum € P(M).
M,sE Ox¢ iff ¢M* e Oy

> V= {M}
s = {ACM|A£0)
> (Qm={ACMI[A[ =R}

Qis monotone increasing if A C Band A € Qy implies B € Qy.
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GENERALIZED QUANTIFIERS IN DEPENDENCE LOGIC
Works well only for monotone increasing generalized quantifiers.
» M, XFE Qx¢ iff there is F: X — Qy such that M, X [F/x] F ¢.
X([F/x] ={sla/x] | s€ X,a€ F(s) }
Example: M, {sg, s1} F 322z Rxyz

M
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ITERATION AND BRANCHING

ITERATION

(Q1- Q)u={RCM |{a|Re(Q)u}e(Q)m}

(Q1- Q)xy¢ = QuxQoy¢
For monotone increasing quantifiers:
Br(Q1, Q)u={RC M [AxBCRAE (Q)mBE(Q)u}

Br(Q1, Qs)xyé = @’;) é
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PROPERTIES OF D(Q)

» Empty set property: M, () F ¢
» Downwards closure: If Y C Xand M, XE ¢ then M, YE ¢.

FLATTNESS OF FO(Q)
M, XE ¢iffforallse X, M,sE ¢

for all FO(Q)-formulas ¢.

RESPECT ITERATION

M,X': (Ql ° Qg)xygb iff M,X': leQ2x¢
EXPRESS BRANCHING

D(Q) = D(Q,Br(Q, Q))
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STRENGTH AND AXIOMATIZABILITY

THEOREM (E., Kontinen)

D(Q) = ESO(Q)

LetI' F,, ¢ mean that I' F ¢ for any monotone increasing
interpretation of Q.

THEOREM (E., Kontinen, Vaininen)

There is a a sound and complete inference system wrt the following
consequence relations:

~

» 'k, ¢ where ¢ is FO(Q, Q).
» ' E ¢ where ¢ is FO(Q1, O1).
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NON-MONOTONE QUANTIFIERS
ME 3™5xPx
JF: {0} — 35, st. M, {0} [F/x] E Px
JACM, st. |A|=5and A C PM
ME 325x Px

¢ is satisfied by X if

> every assignment s € X satisfies ¢.

» every assi isties ¢.

» for every assignment s : dom(X) — M, s € Xiff s satisfies ¢.

M, X E,, ¢iff X = ¢M (for first-order ¢).
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MAXIMAL SEMANTICS

» M, XF, Yif M,XFyandforal Y2 X: M, YF 1, for literals

.

» MXFE,oANYifdY,Zst. X=YNZ, andboth M, YF
¢and M, ZFE 1

» M XE,, ¢VyifdY,Zst. X=YUZ and both M, YFE
¢and M, Z F 1

> M XE, Ox¢if3Yst. OxY= Xand M, YF ¢
OxX={s:dom(X)\{x} > M|{aeM]|s[a/x] € X} €Qum}
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PROPERTIES OF MAXIMAL SEMANTICS

» “Maximal dependence logic”, Dy, is contained in ESO.

» If M, XF,, ¢then M, XE ¢.

» For each ¢ there is X satisfying ¢.

» There is a formula 6 such that M, X, 0 if |[M| > 2 and
dom(X) = FV(0).

» There is a translation ™ : ¢ — ¢Tsuch that

M XE ¢if M, XE,, ¢T,

for all teams X with dom(X) = FV(¢).
» Thus, D < D, (and D = Dy,).
» The independence atom is definable in Dy,.
In fact, by adding a “universally true” atom to FO (and using maxi-

mal semantics) both the dependence and the independence atom are
definable.
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Dm(Q)

CONSERVATIVITY OVER FO(Q)
M, XE, ¢iff X = oM
for all FO(Q)-formulas ¢.

RESPECT ITERATION

M,X':m (Ql ° Qg)xygb iﬁ M,X':m lengd)
STRENGTH

Dn(Q) = D(Q) = ESO(Q)

for monotone increasing Q.
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CONCLUSION

» Extending dependence logic with montone increasing
generalized quantifiers is a natural and stable extension.

» There is a way to introduce non-monotone quantifiers by
altering the basic semantics.
OPEN QUESTIONS
» D,y(Q) = Dp(Q,Br(Q, Q))? (whenever Br(Q, Q) makes sense)
> D(Q) = ESO(Q) ?

THAT’S ALL FOLKS!
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